MORSE THEORY FOR LAGRANGE MULTIPLIERS AND ADIABATIC 

LIMITS 



STEPHEN SCHECTER AND GUANGBO XU 



Abstract. Given two Morse functions /,/iona compact manifold M, we study the Morse 
homology for the Lagrange multiplier function on M x E which sends (x, n) to f(x) +r]/j,(x). 
Take a product metric onMxI, and rescale its K-componcnt by a factor A 2 . We show that 
generically, for large A, the Morse-Smale-Witten chain complex is isomorphic to the one for 
/ and the metric restricted to /Lt _1 (0), with grading shifted by one. On the other hand, 
let A — > 0, we obtain another chain complex, which is geometrically quite different but has 
the same homology as the singular homology of /x _1 (0) and the isomorphism between them 
is provided by the homotopy by varying A. Our proofs contain both the implicit function 
theorem on Banach manifolds and geometric singular perturbation theory. 
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1. Introduction 

Let M be a compact manifold. Suppose / and /i are Morse functions on M, and is a 
regular value of //. Then we consider the Lagrange multiplier function 

J: Ixl 4 R, 

(x,1j) I ^ f(x)+T}fl(x). 

The critical point set of J 7 is 

Crit(J r ) = {(x, 7]) | n(x) = 0, df(x) + r]d^{x) = 0} , (1.1) 

Date: November 14, 2012. 

1991 Mathematics Subject Classification. 57R70, 37D15. 

Key words and phrases. Morse homology, adiabatic limits, geometric singular perturbation theory, ex- 
change lemma. 

1 



2 



SCHECTER AND XU 



and there is a bijection 

CritOF) ~ Grit (/U-i(o)) , 
(x, rj) — > x. 

This is a topic which is taught in college calculus. 

A deeper story is the Morse theory of J 7 . Take a Riemannian metric g on M and the 
standard Euclidean metric e on R. Denote by g\ the product metric g © e on M x R. Then 
the gradient vector field of J 7 with respect to gi is 

VJ(i,T,) = (V/ + ^,/i(x)). (1.2) 

The differential equation for the negative gradient flow of J 7 is 

x' = -(Vf(x)+ V Vfi(x)), (1.3) 
rj' = -fi(x). (1.4) 

Let p± = (x±,r]±) G Crit(J r ), and let A4(p_,p + ) be the moduli space of orbits of the 
negative gradient flow that approach p± as t — > ±oo respectively. (If the differential equation 
y' = h(y) has the solution y(t) defined on — oo < t < oo, the corresponding orbit is {y \ y = 
y(t) for some t}. A time shift of a solution yields another solution with the same orbit. One 
can speak of the limit of an orbit as t — > — oo or t - >■ oo, since the limit is the same for any 
solution corresponding to the orbit. In _A/f(p_,p+), each orbit from p_ to p + is represented 
by a single point.) Then for generic choice of data (f,/j,,g), this moduli space will be a 
smooth manifold with dimension 



dim M. (p-,p+) = index(p_) — index(p + ) — 1. (1.5) 

When the dimension is zero, we can count the number of elements of the corresponding 
moduli space and use the counting to define the Morse-Smale-Witten complex. 

We can show that if we rescale the metric on the IR-part, by g\ := g @ A _2 e, A G 1R + we 
get the same homology groups, for generic A for which the chain complex is defined. The 
system (1.3)-(1.4) is replaced by 

x' = - (V/(x) + V^rix)) , (1.6) 
v ' = -\ 2 fi(x). (1.7) 

We then consider the limits of the complex for (J 7 , g\) as A approaches oo and zero. Orbits in 
the two limits will be completely different geometric objects, but the counting of them gives 
the same homology groups. Indeed, in the limit A — > oo, orbits will converge to those of the 
negative gradient flow of the pair (/| At -i(o),fl r |/i- 1 (o)) on the hypersurface /i _1 (0) C M. This 
implies that for generic A, the homology of the chain complex for (J 7 , g\) will be isomorphic 
to the singular homology of /i _1 (0). Hence if the A — > limit gives a well-defined chain 
complex, its homology gives a new perspective to look at the homology of /x _1 (0). 
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1.1. Outline. In Section 2, we review basic facts about the Morse-Smale-Witten complex, 
and we construct this complex C x for the function J 7 and the metric g\. Throughout the 
paper we work with generic data (/, fM, g). 

Let p_, p + be two critical points of J 7 , and consider orbits of (1.6)-(1.7) from p_ to p + 
for different A. The energy of such an orbit is F{p~) — J r (p+), which is A-independent. 

For large A, because of the fmiteness of energy, one can show that all orbits from p_ to 
p + will be confined a priori in a small neighborhood of /x _1 (0) x BL In fact, those orbits will 
be close to the orbits of the negative gradient flow of /| M -i(o)- This gives the correspondence 
between the Morse-Smale-Witten chain complex for (J 7 , g\) for large A, and the complex for 
(/U- 1 (o))fl , U- 1 (o))- I n Section 3 we give two proofs of these facts, one using Fredholm theory 
and one using geometric singular perturbation theory [9]. In Appendix A we review facts 
from geometric singular perturbation theory that are used in this paper. 

On the other hand, when A — > 0, orbits from p_ to p + will converge to some "singular" 
orbits. This part of the story is a typical example of fast-slow systems studied in geometric 
singular perturbation theory. There is only one slow variable, 77. We will show that for 
index (p_ , J 7 ) — index (p + , J 7 ) = 1, if A > is small enough, then near each singular orbit from 
p_ to p + , there exists a unique orbit of (1.6)— (1.7) fromp_ to p + . This gives a correspondence 
between the Morse-Smale-Witten chain complex of (J 7 , g\) for A small, and a complex C° 
defined by counting those singular orbits. Details are in Sections 4 and 5. 

In Section 6, we sketch various wall-crossing phenomena of the complex C° when adding 
/i a constant c, to recover some elementary facts about Morse theory. 

The method we use for the A — > limit is similar to the one used in [2]. However, in [2], 
the slow manifolds are normally hyperbolic, so one can use the classical Exchange Lemma 
[9] . In the current paper, on the other hand, one cannot avoid the existence of points on the 
slow manifold where normal hyperbolicity is lost. To overcome this difficulty, one needs a 
more general exchange lemma, which is provided in [15]. 

All chain complexes will be chain complexes of Z 2 -modules, hence no orientation issues 
will be considered. We denote M + = {t 6 R | t > 0} and Z + = {n G Z | n > 0} always, and 
we use index(p, /) to denote the Morse index for p as a critical point of /. 



1.2. Motivation. Adiabatic limits appears in many context in geometry in a similar way as 
the Morse theory we consider here. The direct motivation of this work comes from symplectic 
geometry, where one wants to study the adiabatic limits of the symplectic vortex equation. 
We briefly discuss the analogy here. 

Suppose (X, lo) is a closed symplectic manifold, together with a Hamiltonian G-action 
with moment map \i : M — > Q*, where G is a compact Lie group and q is its Lie algebra. Let 
H t : X — y K be a time-dependent, G- invariant Hamiltonian, with Hamiltonian vector field 
Yf/- t . Then consider the action functional (appeared in [3]) on the free loop space of X x q, 
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Following the standard procedure of defining Floer homology groups, we can construct a 
similar theory for A^h- The critical point set of A^h is 

Crit(^) = {(x,rj) : S 1 ->• M x g | /i(x(i)) = 0, x(t) = Y Ht (t) + X v[t) (x(t)), t G S 1 } . 

The equation for the negative gradient flow for this action functional, using a G-invariant 
^-compatible almost- complex structure J, is 

d s u + J (d t u - Y Ht - X v{t) ) = 0; 

(1.8) 

d s r] + A 2 /i on =0. 

This is the symplectic vortex equation with a Hamiltonian perturbation H t , on the infinite 
cylinder which has the area form \ 2 dsdt. The corresponding theory can be regarded as 
an infinite-dimensional equivariant version of the Morse theory we consider in this article. 
Its A — > oo adiabatic limit covers (in principle) the Floer homology of the symplectic quo- 
tient /i _1 (0)/G, which is an example of the general expectation that equivariant symplectic 
invariants defined from the moduli spaces of solutions to the vortex equation recover the cor- 
responding nonequivariant invariants of the symplectic quotient, via the A — > oo adiabatic 
limit (see for example [7]). 

It should be useful to study the behavior of solutions in the opposite adiabatic limit in 
this infinite-dimensional setting. For example, in the setting of Hamiltonian Gromov-Witten 
invariants (or gauged Gromov-Witten invariants), Gonzalez- Woodward studied this limit 
in genus zero case (see [8]). The more general case for this limit is also worth studying. 
For example, if we take M = C Nk and G = U(k) such that the symplectic quotient gives 
the complex Grassmannian G(k,N), Witten showed by a physics argument that using the 
A — > limit one can derive an equivalence of the Gromov-Witten invariants of G(k, N) and 
the Verlinde algebra associated to U(k) (see [18]). 

1.3. Acknowledgements. The first author's work was partially supported by NSF under 
award DMS-1211707. 

The second author would like first to thank his advisor Professor Gang Tian, for his help 
and encouragement, guidance and corrections. He also would like to thank Urs Frauenfelder 
for many helpful discussions, to thank Robert Lipshitz and Dietmar Salamon for their interest 
in this work, to thank Hongbin Sun for answering topology questions. At the early stage 
of this project, the second named author was funded by Professor Helmut Hofer for the 
Extramural Summer Research Project of Princeton Univeristy in Summer 2011 and he would 
like to express his gratitude for Professor Hofer's generosity. 

2. Morse homology and Morse-Smale- Witten complex of (J 7 , g x ) 

2.1. Morse homology. For the topological aspects of Morse theory, there is the classical 
book [14]. Here we will adopt the viewpoint of Witten [17], which is by now standard. 

Let M be a smooth manifold without boundary. A smooth function / : M — > R is a 
Morse function if its differential df is a transverse section of the cotangent bundle T*M. 
This implies that the critical points of / are discrete, and by the Morse lemma near each 
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p G Crit(/) (the critical point set), there exists a local coordinate chart (xi, . . . ,x n ) such 
that 

k p n 

/(*) = /(?)-£*?+ J2 4 

i=l i=k p +l 

The integer k p is well-defined and is called the Morse index of the critical point p. We denote 
this as 

index (p, /) = k p G Z+, 

and we denote the set of critical points of / of index k by Critfc(/) Now for any complete 
Riemannian metric g on M, the gradient vector field V/ is the dual of the 1-form df. We 
denote by (fit '■ M — > M the flow of — V/. For each p G Crit(/), the unstable and stable 
manifolds are defined by 

W u (p) = \ x G Ml lim (fi t (x) =p\ , W s (p) = \ x G Ml lim (fi t (x) = p 

I t— >— oo J I t^+oo 

and 

dim W u (p) = index (p, f), dim W s (p) = n — index (p, f). 

The pair (/, g) is called Morse-Smale if for any two critical points p, q, W u (p) and W s (q) 
intersect transversely in M. This condition condition holds for generic (/, g) [16]. For p ^ q, 
there is a free M-action on W u (p) D VT s (g) by time translation along the flow. 

Then we define the Morse-Smale-Witten chain complex of Z 2 -modules for a Morse-Smale 
pair (f,g), 

C M (f,g) = (C.,d), C k = Za<p>, (2.1) 

p6Critfc(/) 

where 9 : — >■ is given by 

= E n p , q ■ q, n m = # [(W u (p) n W s (g))/R] G Z 2 . (2.2) 

geCrit fc _i(/) 

One can show that # [(IV n (p) D W s (q))/M] is finite and (9 o d = (under the Palais-Smale 
condition on /, see [16]), hence C M (f, g) is a chain complex. Its homology group is called the 
Morse homology of (/, g) with ^-coefficients, denoted by HM*(f,g; Z 2 ). In the case where 
M is compact, this homology is independent of the choice of Morse-Smale pair (f,g) and is 
actually isomorphic to the singular homology of M. 

2.2. Morse homology and the analytic setting . The book [16] give a comprehensive 
treatment of the analytical perspective on finite-dimensional Morse theory. Here we give a 
brief review. 

Let p and q be two critical points of /, and consider the nonlinear ODE 



x = -Vf(x), 



(2.3) 
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with the boundary conditions 

lim x(t) = p, lim x(t) = q. (2-4) 

t— >— oo t— >+oo 

The space of solutions to this boundary value problem can be identified with W u (p) DW s (q) 
by identifying the solution x(t) with the point x(0). 

Indeed, the space of solutions to such a boundary value problem can be viewed as a 
finite-dimensional submanifold of an infinite-dimensional Banach manifold. We consider the 
Banach manifold B of those W l( £ maps x : K — > M for which there exists T > such 
that for t G [T, +oo) (respectively t G (— oo, — T]), d(x(t),q) (respectively d(a;(t),p)) is less 
than the injectivity radius of (M,g) and exp~ 1 (x(t)) G PU 1 ' 2 ([T, +oo), T 9 M) (respectively 
exp~ 1 (x(t)) G VT 1 ' 2 ((— oo, — T],T P M). There is a Banach space bundle £ — > B whose fibre 
over x : R — )■ M is L 2 (M, x*TM). There is a smooth section 

x i — y x 1 ~\~ V f(x) 

whose zero locus is exactly the moduli space M.{p, q) — W u (p)DW s (q), the space of solutions 
to (2.3)— (2.4). This is a Fredholm section, which means that the linearization of S at each 
x G iS _1 (0), which is given by 

DS X : T X B ->■ £ x 

V ^ V t V + V v {Vf) 

is a Fredholm operator with Fredholm index equal to index (p) — index (q). 

In order ensure that M. (p, q) is a smooth manifold, we need that the linearization of S 
is surjective along iS _1 (0). In this case, we say that Ai(p, q) = 5 _1 (0) is transverse. This 
condition is equivalent to transversality of W u {p) and W s (q). 

Ai(p,q) has a free M-action by time translation, so we can define M.(p, q) = M.(p,q)/M., 
the space of orbits from p to q. The compactness of M. (p, q) is an issue, especially when M 
is noncompact. A control on the behavior of a solution x : M — > M is its energy 

E{x)= [ \Vf(x(t))\ 2 dt = f(p)-f(q), (2.5) 

which only depends on the values of / at p and q. The energy is essential for many useful 
estimates. An assumption used to yield compactness is the Palais-Smale condition on / 
(which is automatic when M is compact): any sequence x« G M for which f(xi) is uni- 
formly bounded and |V/(xj)| — > has a convergent subsequence. Under the transversal- 
ity and Palais-Smale assumptions, if index (9, /) = index (p, f) — 1, then M.{p,q) is finite; 
if index (q, f) = index (p, f) — 2, then Ai(p,q) can be compactified to be a smooth one- 
dimensional manifold with boundary; the boundary points correspond to the broken orbits 
from p to q that pass through another critical point r with index (r, /) = index (p, /) — 1. 
These two facts imply that the boundary operator (2.2) is well-defined and d o d = 0. 

2.3. The Morse-Smale-Witten complex of (F^gx). For the pair (J 7 , g\) defined in Sec- 
tion 1, some modifications to the construction of the Morse-Smale-Witten complex are re- 
quired. We shall assume 
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(Al) M is a compact manifold. 

(A2) / and \i are Morse functions on M. 

(A3) is a regular value of p, and /| At -i(o) is Morse. 

The metric g on M and the Morse function p, satisfying (A3) are arbitrary and fixed. 
We shall make further assumptions, always denoted (Ah), that are true for generic /. Al- 
ternatively, we could fix the Morse functions /; the assumptions are then true for generic 

In each of our results, we shall assume without comment that all assumptions (Ak) made 
up to that point hold. 

Lemma 2.1. Under the assumption (A3), the Lagrange multiplier J 7 is a Morse function 
onMxR and for any p = (x p ,r] p ) G Crit(J r ), index(p, J 7 ) = index(x p , /| M -i(o)) + 1- 

Proof. Let p G Crit(J r ). Since is a regular value of /i, there exists a local coordinate chart 
(x±, . . . , x n ) near x p such that (J,(xi, . . . , x n ) = x n and p has coordinates (0, . . . , 0). Then we 
see that the second derivative of J 7 at p with respect to the coordinates (x\, . . . , x n , rf) is of 
the form 

/ A b \ 

D 2 F(0) = b T c 1 . (2.6) 
V 1 / 

Here A is equal to the second derivative of /| M -i(o) at x p with respect to the coordinates 
(x±, . . . , x n _i) 1^-1(0). So this implies that D 2 T is nondegenerate at p, and its determinant is 
equal to — det A. □ 

Now we consider the unstable and stable manifolds of critical points of J 7 . Since we are 
dealing with the family of metrics g\, we want transversality of unstable and stable manifolds 
not just for a single g x , but as much as possible for the family. Let (p* denote the flow of 
(1.6)— (1.7) for the given value of A, let P-,p+ G Crit(J r ), and let / be an interval in A-space. 
Define the sets 

W u (p-,X) = \p G M x R | lim cj)l(p) = p_ 

I t— >— CO 

W s (p + , A) = i p G (M x R | lim <f)f(p) = p H 

W(p_, /) = {(p, A) G (M x R) x / | p g H/ U (p_, A)} , 
W s (p+, I) = {(p, A) G (M x R) x 1 1 p g W^(p + , A)} ; 

At J (p_,P+) = W"(p_,/) n ^ S (p + ,J), A^ 7 (p_,p + ) = 7W / (p_,p + )/M. 
We assume: 

(A4) For allp_,p + G Crf^J 7 ), W u (p_,R+) and W /S (p + ,1R + ) are transverse. 
Assumption (A4) implies that for all but discretely many A G R + , W u (p_, A) and W s (p + , A) 
are transverse. We denote by A reg C M+ the subset of A's for which A4 x (p-,p + ) is transverse 
for all p-,p+ G Crit(J-"). 

Since the manifold M x R is noncompact, we also need the following result: 
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Lemma 2.2. For each A G M+, i/ie function T satisfies the Palais- Smale condition with 
respect to the metric g\, i.e., for any sequence Xi G M x K suc/i t/iat Tixi) is bounded and 
\VJ r (xi)\ gx ; i/iere exzsfo a convergent subsequence ofxi. 

Proof. Suppose x« = (xi,r)i). Since M is compact, we may assume that rji — > +oo or — oo. 
The condition that T(xi) is bounded implies that — >■ 0; but since is a regular value 
of /i, VT(xi) = V/(xj) + r/jV/i(x.j) cannot have arbitrary small norm. □ 

Now, for any A G A reg , we can define the associated Morse-Smale-Witten complex of 
(T, g\), which is denoted by C x = C(T,g\). Its homology is denoted by H x . All C x share 
the same generators and gradings, but the boundary operator d x may change when A crosses 
one of the exceptional values in M + \ A re9 . To show that the homology H x is independent of 
A, we have 

Lemma 2.3. For any L > 0, there exists Kl > such that for any p± G Crit(J-"), 

r( P _,(o,L])nr(p +) (o,L])cMx [-k l ,k l \. 

Proof. Suppose this statement doesn't hold, then there exists p-,p+ G Crit(J r ), a sequence Aj 
converging to Aqo G [0,1/] and (xi,7)i) G W u (p-, Xi) D W s (p + , Xi) such that lim^oo \i]i\ = +oo. 
Suppose for each i there are solutions 2, = (xi,r)i) : R — > M x K to (1.6), (1.7) for A = Aj 
such that (xi, rji) = Xi(0). Then since Aj are uniformly bounded, for any R > 0, we have 

\Vi\ \[-R,R] ->■ 00 ( 2 - 7 ) 

uniformly. 

On one hand, we have 

^(p-) > F{xi, Vi) = f( x i) + ViK x i) > J 7 (P+) ( 2 - 8 ) 

which implies that (i(xi) — > uniformly on [— R, R]. Then, by the definition of the energy 
of the solution 2j, we see 

r R 

F(p+) - Tip.) > / \\Vf( Xi (t)) + Vl (t)V^x t (t))\\ 2 dt oo (2.9) 

J-R 

which is impossible. □ 

Corollary 2.4. For any Ai, A2 G A refi, ; t/iere is a canonical isomorphism $Ai,a 2 : H Xl — >■ i7 A2 
stzc/j i/iat /or Ai, A 2 , A 3 G A re9 ; $a 2 ,a 3 $Ai,a 2 = $a 1 ,a 3 - 

Proof. For any Ai, A2 G A re9 , Ai < A2, we can compare the two complexes C Xl and C x ' 2 as in 
the case of compact manifolds, thanks to the compactness provided by the previous lemma. 
More precisely, we can either use the continuation principle, or the bifurcation analysis as 
did in [4] to show that the two chain complexes have isomorphic homology. Note that as we 
vary A from Ai to A2, the critical point set is fixed so there is no "birth-death" of critical 
points. What may happen is for some A G (Ai,A2), there may exists a trajectory between 
two different critical points with the same Morse index. □ 

Remark 2.5. In general, the Morse homology of a pair (/, g) will be very sensitive to the pair 
if the underlying manifold is noncompact (see for example [11]). 
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3. Adiabatic limit A ->• oo 

We assume 

(A5) (71^-1(0), g U-i(o)) is Morse- Smale. 

Theorem 3.1. For A G A reg sufficiently large, the complex C x is isomorphic to the Morse- 
Smale-Witten complex of the pair (/| M -i(o), fl^-vo)) with grading shifted by one. 

Corollary 3.2. For any A G A reg , there is a canonical isomorphism 

$a,+oo : H^ 1 ( f i- 1 (0),Z 2 ). 

We give two proofs of Theorem 3.1, one using the infinite-dimensional implicit function 
theorem and one using geometric singular perturbation theory. The first is more likely to 
generalize. The second gives more geometric intuition. 

3.1. Proof of Theorem 3.1 using the implicit function theorem. 

3.1.1. Convergence to orbits in the level set. For any x = {x,rj) G A4 x (p-,p + ), we have 

/+oo 
(V x F(x(t)),x'(t)) x dt = \\x'f L2 + A 2 \Hx)\\ 2 L2 . (3.1) 
-oo 



So 

ll///^ILo < : 



\Hx)\\ L2 <^. (3.2) 



On the other hand, one has 

d 



< \\df,\\ Loo \\x'(t)\\ L2 . (3.3) 

L 2 



So by Sobolev embedding W 1 ' 2 — > C°, for any e > 0, there exists A e > such that for A > A e 
and x G Ai x (p^,p + ), we have x(t) G U e — /i _1 ((— e, e)). 

Now, consider the Banach manifold B = B 1 ' 2 of W^-maps x = (x,r]) from IR — > U e x E 
such that x is assymptotic to (p±, i r) P ±) G Crit(J-") at ±oo in the following sense: there exists 
R > and W_ G W 1,2 ((-oo, -R],T p _M © E) and W + G W^ 2 ([R, +oo), T p+ M © E) such 
that x\^-oq-r] = exp p _ VF_, £|[.r,+oo) = exp p+ W + . Consider £ — )■ B the Banach space bundle 
whose fibre over x is £■% — L 2 (x*TM © IR). For A > A e , consider the Fredholm section 
S x : B £ given by 

S\x, V )=(^ + Vf + ijVji, ^ + A 2 /i(*)) . (3.4) 
Then Ai x (p~,p + ) = (s x ^j (0). The linearization of S x at x = (s, 7/) G £> is given by 



V\ ( V t V + Vy(V/ + r/V/i) + #V/x A (3.5) 



#y v ^ + A 2 rf/i(^) 
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On U e , there is the line bundle L C TM generated by V/x, and denote by L 1 - the orthogonal 
complement with respect to the Riemannian metric g. Then, for any x, we can decompose 
the domain and target space of D% as 

TxB ~ W^x) © W T (x), W l (x) = W lt2 (x*L © R), W r (x) = H /1 ' 2 (x*L" L ); (3.6) 

£j ~ £ L (x) © £r(x), E L (x) = L 2 {x*L © R), £ T (x) = L 2 (x*L^). (3.7) 

We rescale the norms on Wl(x) and £l(x) as follows. We identify (hiVfx, h-i) G Wl(x) with 
(/ii, /i 2 ) e W 1 ' 2 © W 1 ' 2 and define 

||(/ii,/i 2 )IU = A WhW^ + Wh'^ + \\h 2 \\ L2 + A- 1 H^ll^ ; (3.8) 
and for (/iiV/x, h 2 ) G £l(x), identify it with (/i 1; /i 2 ) G L 2 © L 2 and define 

IK/hA^LHM^ + a-MNL- (3-9) 

We leave the norms on their complements unchanged, and use W\ and L\ to denote the 
norms on T^B and respectively. 

Now we describe the limit objects. There exists a smooth function r\ : U e — > R defined by 
the condition 

(V/i(x), V/(x) + ^(a;)V/i(x)) = 0. (3.10) 

Then V/ + rjVfJ, is a smooth vector field whose restriction to /i^ 1 (0) is the gradient of / = 
/U-^o) w ^h respect to the restriction of the Riemannian metric. We denote by Af°°(p^,p + ) 
the space of solutions of the negative gradient flow of /, and by Af°°(p-,p + ) the quotient 
space by identifying reparametrizations, and by M (p_,p+) the compactified moduli space 
by adding broken orbits. 

Proposition 3.3. Suppose A„ — > oo and x v = (x u ,£ v ) G A4 x,/ (p^,p + ). Then there is a 
subsequence, still indexed by v, and a broken trajectory y = ([yi])™ =1 G U (p~,p+) and a 
constant cq > such that 

(1) \\{n{x v ),r] v -rj{x v ))\\ Wx < coA; 1 ; 

(2) There exists ti t „, £ 2iJ/ , ■ ■ ■ , t n ,u G R such that x u (t itU + -) converges to yi in C} oc -topology ; 
Proof. Apply dfx to the equation x' v (i) + V f(x u (t)) + rf v (t)Vfi(x v (t)) = 0, we obtain 

= j t vMt)) + (V/i(^(t)), VfMt)) +r t v(t)Vn(x u (t))) 



dt 

Also we have 



l^Mt)) + \ u |v^| 2 (j-Mt) - vMt)))) . (3.ii) 



j t (f M*) - vMt)))) + AMx,(0) = -~ t vMt)). (3.12) 



Consider the linear operator 

D : Vy 1,2 (R,R 2 ) ->• L 2 (R,R 2 ) 

(/i,/ 2 ) H- + A |V//| 2 /2, + ' 



(3.13) 
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If regarded as an unbounded operator from L 2 to L 2 , then it is bounded from below by cA 
for some constant c. Then (3.11) and (3.12) imply that 

d 



< c\- 2 . (3.14) 

L 2 



Also, D has a uniformly bounded right inverse, so 

11/^)11^1,2 + K 1 \\Vu ~ vMWwi.2 < cA; 1 . (3.15) 

This implies the first claim of this proposition. Moreover, the Sobolev embedding W 1,2 — > C° 
implies in particular that r\ v is uniformly bounded since rj(x u ) is. It follows that \x'J\ is 
uniformly bounded. 

Now we identify U t ~ /i _1 (0) x (— e, e) such that the projection to the second component 
is equal to \i. Then we can write 

x v {t) = (x v (t),fi(x v (t))) . (3.16) 

Projecting to the first factor and using the fact that \x' u \ is uniformly bounded, we see that 
there exists K > independent of u, such that 

|<(t) + V7((^(t)))| < K\fi(x„(t))\. (3.17) 

This implies that a subsequence of x v converges to a broken trajectory for the induced 
function / in C z ° c -topology. More precisely, there exists ti >v , . . . , tk, v £ ^ such that x u (t itU + -) 
converges to a trajectory y i in /i _1 (0) in C ; ° c -topology. 

Then, by the Sobolev embedding W 1 ' 2 — > C° and the Cf oc convergence of x v {t^ v + ■) to 
we see that rj v {t iyV + ■) converges to rj(yi) in Cf oc . This implis that the convergence x v {t^ v + •) 
to y { is in C} oc . □ 

3.1.2. Applying implicit function theorem and the isomorphism of chain complexes. Now we 
want to prove that, any y G Af°°(p-,p+) can be approximated by x G .M A (p_,p + ), so 
that in particular, when index J 7 ) — index (p + , J 7 ) = 1, there is a canonical one-to-one 
correspondence between ftf°°(p-,p+) and Ai x (p-,p + ). 

Since we have assumed that the restriction of (/, g) to // _1 (0) is Morse-Smale, the trajec- 
tory y is transverse. Namely, the linearized operator 

D y : W^(y*Tfx-'(0)) IV^O)) r „ 1R x 

1/ m- v^y + Vy(v/ + ^) 1 ' ; 

is surjective and has a bounded right inverse Q y . In particular, we can choose Q y such that 
lmQ y = [V G ^(yV(0)) I #(^(°), W(0)) = VW G kerD v } . (3.19) 
For any large A, we take our approximate solution just to be 

y(f) = (y(f), %(*))). (3.20) 
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Note that y(t) converges to p± exponentially as t — > ±00, so y G B. Then denote the 
linearization of S x at y by 

Dy: W^ 2 (y*TM®R) ->■ L 2 (y*TM © K) 

K\ / V y V + V y (V/ + ^VAi) + W/i \ (3.21) 

h J ^ V h ' + ^Mv) J ' 

Now we construct a right inverse to Dy out of Note that, for any V G Wt{v) 

Dy(V) = (V t F + V F (V/ + r/V/i),A 2 ^(F)) = (Dy(V),0) G £ T (£). (3.22) 

Hence with respect to the decomposition (3.6) and (3.7), the linearized operator can be 
written as 

Here A y is given by 

A y {h 1 Vfi,h 2 ) = h 1 W (3.24) 
where W is a smooth tangent vector field on /i -1 (0). Hence there exists c\ > such that 

HAX/nV/iA)!!^ < call/nil^ < e^ 1 ( 3 - 25 ) 
Now we look at the operator D~. After trivialize the bundle 1R{V/i} © K isometrically to 



d2 



, we see the operator D~ is transformed into 



It is easy to see that, for A large, B{t) has 1 positive eigenvalue and one negative eigenvalue, 
both of which are bounded away from zero by cA, where c is a constant independent of A. 
Hence we have a (unique)bounded right inverse 

Q'~:S L (y)^W L (y), \\QL\\ < c 2 (3.27) 

for some C2 > 0. Then define 

4) < 3 - 28 > 

which serves the approximate right inverse. 

Lemma 3.4. There exists Ao > 0, such that for all A > Ao, 

Id - DyQy < \ (3.29) 

with respect to the operator norm of the space L\ . 



Proof. Note that Id — DyQy = A y o Q'~ and 

\l x - \ w*yvi ' ■^/ii Wa - x 



-A,)Qi(/'iV//.// 2 )|L <^\\Qv( h ^M\\w. < Cj ?\\(hiV^h 2 )\\ Lx . (3.30) 

□ 
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Hence DyQy is invertible and a right inverse can be constructed as 



Qy Qy ( -^yQy 



(3.31; 



And it is uniformly bounded by some constant which is independent of A. 

Now since we want to apply the implicit function theorem (cf. [13, Appendix A]), we 
need to trivialize the Banach manifold B and the Banach space bundle £ locally near y. 
We identify a neighborhood of y in B with a small ball (with respect to the W\-Ytorm) 
centered at the origin of TyB as follows: using the identification U e ~ /i _1 (0) x (— e, e), for 
any W = (W,aVfi,h) G TyB, we identify it with the map p(W) = (exp^W 7 , a, rj(y) + h) G 
/i _1 (0) x (— e, e) xR where exp is the exponential map inside /i _1 (0). We trivialize £ over such 
a neighborhood around y by parallel transport along the radial geodesies, which is denoted 



by $^ : £ p{W) £y. Then for W G TyB with W 
linearization of $^ o S x (p(W)) at W. We have 



small, denote by : TyB — > £y the 



Lemma 3.5. There exists €3, C3 > 0, independent of \, such that for all W G TyB with 



W 



< e 3; one has 



D 



Dy 



<c 3 



W 



(3.32) 



Proof. First consider the case when the M-component of W is zero. We denote by S\ the 
first component of S x , which is independent of A. Then we see 



DS 1 (W)-DS 1 ( 



< c 



W 



w 



< c 



(3.33) 
W 



which is standard. Now because the M-component of W is zero, we have 

by our definition of the WVnorm (3.8). 

The second component of S x is denoted by S^- Then we see in this case, for any V 
(V,h)eTyB 



DS X {W){V) = X 2 h. 



(3.34) 



Hence the variation of the derivative of S% is always zero. 

Now we consider the case W = (0, ho) with h G H /1 ' 2 (I 
by our definition of our norms (3.8) and (3.9), 



Then for any Wq G TyB small, 



1/ioVyV/iL = \\h V v Vp\\ L 2 



< c 



W 



\V\\ L2 <c 



w 



\\\ 



\\(V,h)\\ Wx (3.35) 



for some c > 0. 

Combining (3.33), (3.34) and (3.35) we obtain (3.32). 



□ 
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On the other hand, we see 



A- 1 



dt 



< C4A- 1 



(3.36) 



L 2 



for some constant C4 > 0. By the implicit function theorem, there exists £4 > such that for 
sufficiently large A, there exists a unique W\(y) G TyB satisfying 



W x (y) _ < e 4 , W x {y) G Inr%, S x (ex V ~W x (y)) = 0. 



Moreover, there exists C5 > such that 



W x (y) 



w x A 



We hence define the gluing map (for large Ao) to be 

$: [A ,+oo) xf/ co (p_,p + ) U A > Ao M^(p_,p 4 
(A,y) i-> exp^W A (y). 



(3.37) 



(3.38) 



(3.39) 



Theorem 3.6. For each A G [A , +00) fl A reg , the restriction of $ {A} x J\f°°(p^,p + ) is 
a homeomorphism onto A4 x (p_,p + ) . 

Proof. To complete the proof of this theorem, it remains to prove the local surjectivity of 
the gluing map $. For simplicity, we only prove for the case when the Morse indices of p_ 
and p + differ by one, which is enough for our purpose. Suppose it is not the case, then there 
exists a sequence Aj — > 00 and %i € A4 Xi (p_,p + ) which converges to some y G Af°°(p-,p + ) 
as described by Proposition 3.3 (with n = 1 and t\ v = 0) but don't lie in the range of $. 
Then, consider the hyperplanes N(y(s)) = (y'ls)) 1 - C T y ^M for s£R. For each i, there 
exists Si G M. such that s,- — > and 



x t (0) G {(exp y(Si) Vsr?) | 77 G R, V G N(y( Si )), \\V\\ < e} . 



(3.40) 
< CoX; 1 by 



Then if we write X{(t) = exp~/ Si+t ) Wi(t), then Wi G lmQy( Si+ .) and 

Proposition 3.3. By the uniqueness part of the implicit function theorem, this implies that 
Xi = $(\i,y(si + •)), which contradicts with our assumption. □ 

Now Theorem 3.1 is an immediate consequence. 

3.2. Proof of Theorem 3.1 using geometric singular perturbation theory. In the 

system (1.6)— (1.7), in which the time variable is t, we make the rescalings 

1 

e 



n 



p 

e 



A 



t = er. 



The system becomes 



dx 

aW 
dp 

aW 



-(eV/(x)+pV/i(x)) 
-fi{x). 



(3.41) 
(3.42) 
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Studying the limit A — > oo in (1.6)— (1.7) is equivalent to studying the limit e — > in (3.41)- 
(3.42). Setting e = in (3.41)-(3.42), we obtain 

°f- = -pV/i(x), (3.43) 

GST 

% = (3-44) 

Let N denote the sub manifold of M defined by fi — 0. Then the set of equilibria of (3.43)- 
(3.44) is the set p = p = 0, i.e., N = N x {0} C M x K. N Q is a compact codimension-two 
submanifold of M x 1. 

Choosing coordinates on M and linearizing (3.43)-(3.44) at an equilibrium (x,0), we 
obtain 

-V/i(x)\ /V 

v /y v-rf/i(x) o y \p / 

Since is a regular value of p by (A3), rf/i(x) and V p(x) are nonzero row and column 
vectors respectively. Therefore the matrix in (3.45) has rank 2, so it has at least n — 2 zero 
eigenvalues. (Of course this is a consequence of the fact that we linearized (3.43)-(3.44) at a 
point on a manifold of equilibria of dimension n — 2.) The other eigenvalues are ±||V/x(x)||, 
where ||t> || = ||f || s (a;); this is shown by the following calculations, which use the fact 

dp(x)v = (Vn(x),v) g(x) . 

-V/i(x)\ / V/i(x) \ (\\Vfi(x)\\Vii(x 
dp(x) ; \-\\Vfi(x)\\J \ -\\Vp(x)r 

-V/i(x)\ / V/i(x) \ _ /-||V/i(x)||V//(x) 



(3.45) 



-d/i(x) o ; Vliv/i(x)ny v -llvAi(x)n 2 

Therefore iV x {0} is a compact normally hyperbolic manifold of equilibria for (3.41)-(3.42) 
with e = 0; see Appendix A. It follows that for small e > 0, (3.41)-(3.42) has a normally 
hyperbolic invariant manifold N € near iVo- 

Locally we may assume the coordinates on M are chosen so that \i — x n . Let y = 
(xi, . . . , x n _i), so x = (y, x n ). Then locally N e is parameterized by y and is given by 

x n = x n (y, e) = x n {xx, x n _i, e), p = p(y, e) = p(xi, x„_i, e), 

with x n (y,0) = p(y,0) = 0. After division by e, the system (3.41)-(3.42) restricted to N t is 
given by 

y = -V„/(y,O)+0(e), 

where V y f(y,x n ) denotes the first n — 1 components of Vf(y,x n ). 

It follows that the system (3.41)-(3.42) restricted to N e is a perturbation of the negative 
gradient flow of (/|„-i(o), fl'U-Ho))- Since (/U- 1 ©* fl'U-Ho)) is Morse-Smale by (A5), its nega- 
tive gradient flow is structurally stable. Therefore, for small e > 0, the flow of (3.41)-(3.42) 
restricted to N e is topologically equivalent to the negative gradient flow of (/|^-i(o), fi^- 1 ^))- 

An equilibrium x of the negative gradient flow of (/l^-im), 5 , | A1 - 1 (o)) corresponds, for each 
A > 0, to an equilibrium (x, rf) of (1.6)— (1.7), which turn corresponds to the equilibrium 
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(x,erj) of (3.41)-(3.42); the latter lies in N e , which contains all complete orbits nearby. It 
has one higher index than that of x for the negative gradient flow of (/l^-im), fl , | At - 1 (o))- 
(The reason is that one of the transverse eigenvalues computed above is positive.) If the 
only connections between these equilibria are those in N e , the resulting Morse-Smale-Witten 
chain complex is the same as that of (/|^-i(o), g^-^o)) with degree shifted by one. 

To rule out the existence of other connections, note that for e > 0, the energy E e (x,p) = 
ef(x)+pp(x) decreases along solutions of (3.41)-(3.42). For small e > 0, the energy difference 
between two equilibria (x_,e^_) and (x + ,e^ + ) of (3.41)-(3.42) is of order e. 

On the other hand, by the normal hyperbolicity of Nq, any sufficiently small neighborhood 
V of iVo has the property that for (3.41)-(3.42) with e small, a solution of (3.41)-(3.42) that 
starts in V \ N e must leave V in forward or backward time. Therefore a solution of (3.41)- 
(3.42) that connects two equilibria but does not lie in N e must at some time leave V through 
its boundary. If we can show that it must do so at a point where E t is of order one, we have 
a contradiction. 

For a small a > 0, we can take V = {(x,p) : \p(x)\ < a, \p\ < a, \pp(x)\) < ^-}; see Figure 

2 2 

1. At points on the boundary where \pp(x)\ = \E e \ is close to ^- for small e. Thus if we 
can show that a solution that connects two equilibria must leave V through such a point, 
we are done. 



P 



a 








1 — 1 — 


a/4 a 







[X 



Figure 1. The set V. 

This is not true, but by making a small e-dependent alteration in V, we can make it true: 
we replace the portions of dV on which p = ±ct or p = ±a by nearby invariant surfaces, so 
that solutions cannot cross them. More precisely, we replace the portion of the boundary on 
which p = ±a by a union of integral curves of (3.41)-(3.42) that start on the codimension- 
two surfaces p = ±ct, p = 0, and we replace the portion of the boundary on which p = ±a by 
a union of integral curves of (3.41)-(3.42) that start on the co dimension-two surfaces p = 0, 
p = ±a. Details are left to the reader. 

4. Fast-slow system associated to the A ->■ limit 

Now we consider the limit of (1.6)— (1.7) as A — > 0. In this limit, (1.6)— (1.7) is a "fast-slow 
system" [9]. There is one slow variable, rj. In this section, we will identify the slow manifold, 
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and study the fast flow and slow equation, under appropriate generic assumptions. (This 
terminology is reviewed in Appendix A.) We will also relate various Morse indices. 

4.1. The slow manifold. The slow manifold for (1.6)— (1.7) is the set of equilibria for A = 0: 

C T = {(x, rj) G M x E | Vf{x) + r/V/i(x) = 0} . 

We assume: 
(A6) Crit(f) n Crit(/i) is empty. 

(A7) V/ + t/V/j is a transverse section of 7r*TM, where ir : M x R — y M is the projection. 

(A7) implies that Cjr is a 1-dimensional smooth submanifold of M X R. Indeed, it is noncom- 
pact and its end at infinity is asymptotic to (Crit/i x [R, +oo)) U (Crit/i x (— oo, —R]) for R 
large. This can be seen as follows. If there is a sequence (xi,r)i) G Cjr with lim^oo |^| = oo, 
then we see that V/i(xj) — > and a subsequence of converging to some y G Crit/i. Con- 
versely, for any y G Crit/i, let S € (y) C M denote the sphere of radius e around y. Since by 
(A2) y is a nondegenerate critical point of /i, we see that for small e > 0, the map 

S e (y) -> 5(T,M), * H- (4.1) 

has degree ±1. On the other hand, by (A6) we can use local coordinates near y in which 
the vector field V/ is constant. Hence there exist a unique pair of points (xf,r)f), with 
xf G S e (p), such that 

(xf,rit)eC T . (4.2) 

We can order the two points so that lim e ^ vt = 

For fixed rj, denote the function f v = f + rjfi : M — > R. Then consider the function 

(4.3) 

p — (x,r]) i — ^ det Hess/ r) (x). 

We assume 
(A8) is a regular value of dc. 

(A9) For any p = (x,r/) G ^(0), fi{x) ^ 0. Therefore ^(0) n Crit(J") = 0. 

We denote C s ™ 9 = d c 7 1 (0). From (A8), as (x,r)) G Cj crosses a point in C^ n9 , one and only 
one of the eigenvalues of Hess/ r? (x) changes its sign. 

By the implicit function theorem, Cj can be smoothly parameterized by r] near any point 
of Cjr \ C s ™ g as x = x(rj). On the other hand, near C s ™ 9 we have the following result. 

Proposition 4.1. Let p = (x p ,r] p ) G C^ ng . We can choose local coordinates (x\, . . . ,x n ) on 
M such that x p corresponds to (0, ... , 0), and near p, Cjr is parameterized by x n . Moreover, 
for some c ^ 0, 

V = V P + cx 2 n + 0(x 3 n ). (4.4) 
Thus Vj\c T has a nondegenerate critical point at p. 

This is a standard result, but we shall give a proof in Subsection 4.3. 
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4.2. The fast flow. The fast flow $ t : M x R A/ x R of (1.6)-(1.7) is the flow onlxl 
determined by (1.6)— (1 .7) for A = 0. The set of equillibria of the fast flow is just Cjr, and 
along the fast flow, rj is constant. 

If p — (x p , r] p ) G Cjr, then Xp IS cl critical point of the function f Vp : M — > R. A fast 
solution from p_ G Cjr to p + G Cjr is a solution x{t) of (1.6)— (1.7) for A = such that 
lim^-too x{t) = p±. A fast orbit from p_ to p + is an equivalence class of fast solutions from 
p_ to p + modulo time translation. A fast solution or orbit is trivial if the orbit consists of a 
single point. 

For p = (x p , r/p) G Cf, x p is a nondegenerate critical point if and only if p G Cf\C s ™ 9 . Note 
that the Morse index of a nondegenerate critical point x of f v can be defined as the number 
of negative eigenvalues of the matrix Hess/ r? (x). We define the Morse index of a degenerate 
critical point the same way. We shall use the already introduced notation index (x p , f v ) to 
denote the Morse index in this sense of critical point of f Vp . 

Index (x p , f Vp ) is locally constant on Cjr\C^ n9 . Near p G C s ™ 9 , the values of index (x p , f Vp ) 
on the two branches differ by one, and index (x p , f Vp ) is the lower of these two numbers. 



4.2.1. Transversality assumptions. On Cjr \ C^ ng , the fast flow is normally hyperbolic. For 
any subset (3 of Cjr \ C'^ 9 define 



Note that in this section we always have A = 0, so we will not use the notation of Subsection 
2.3 to specify a value of A. If (3 is connected, define index (/3) to be index (x p , f v ) for any 
V = (x p , rip) in /?. 



(A10) W u {C T \ Cf 19 ) and W s (C F \ Cf 19 ) intersect transversally inMxi 
(All) For each p — (xp,r]p) G Crit(J r ), the pair (fn P ,g) is Morse-Smale on M. 

Assumption (A10) can be thought of as a weak version of the Morse-Bott-Smale transver- 
sality condition (see [1]) for a Morse-Bott function and a metric. The relation between the 
two assumptions is that (All) implies that the transversality in (A10) holds near certain 
points, but (A10) does not imply (All). 

There are two special types of nontrivial fast orbits that play important roles in our 
construction. We introduce them in the remainder of this subsection. 

4.2.2. Handle-slides and cusp orbits. By (A10) we see, if /3i,/?2 C Cjr \ C^ ng are connected, 
then 




(4.5) 



and 




(4.6) 



We assume 



dim (W u (Pi) n W s (f3 2 )) = index (ft) - index (ft) + 1. 



(4.7) 
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In particular, when index (/3i) = index (fa), the dimension is one, so the intersection consists 
of discrete nontrivial fast orbits. We call such an orbit a handle-slide. If a handle-slide is 
contained in M x {rj}, we say that a handle-slide happens at 77. 
We assume: 

(A12) The composition it : Crit(J r ) U C^ n9 <— > M x R — > R is injective. Moreover, handle- 
slides happen at distinct values of 77 that are not in the image of tt. 

Now we look near a point p = (x p ,r] p ) G C^ n9 . All the eigenvalues of Hess/^ (x p ) have 
absolute values great than a constant a > 0, except for the one that changes its sign at p. 
Then we define W^(p) to be the space of maps u : (— 00, 0] — > M satisfying 

(1) (u(t),7fe) = $t(u(0),i7 P ) fort<0; 

(2) For sufficiently large T, for t G (—00, —T], 

u(t) = e Wxp V(t), V G ^((-oo, -T],T Xp M). 

Here for any open subset fl C R, the space W„' 2 (f2) is the space of functions / with 
e *\t\f e W l ' 2 (Q). 

Similarly we can define W*(p). By the map u h> u(0), W% (p) and are naturally 

identified with smooth submanifolds of M, which are called the a-exponential unstable and 
stable manifolds of p, having dimensions 

dim W£(p) = index (x p , f Vp ), dim W s a (p) =n- index (x p , f Vp ) - 1. (4.8) 

Let W u (p) = W u (p) \ W%{p) and W s (p) = W s (p) \ W*{p). These manifolds are unions 
of orbits that approach p polynomially rather than exponentially. They are submanifolds of 
M x {rip} of dimension (\im.W^(p) + 1 and dimW^Qo) + 1. We assume 

(A13) For each p = (x p ,r] p ) G C^ n9 and q = (x q ,r] q ) G Cjr with r\ p = r\ q = 77, W^(x p ) and 
W s (x q ) (respectively W* (x p ) and W u (x q )) intersect transversely in M x {77}, W u (x p ) 
and W s (x q ) (respectively W s (x p ) and W u (x q )) intersect transversely in M x {i]}. 

The reader may refer to [5] and [4] for this transversality in the case of Lagrangian intersec- 
tions. 

(A13) implies that for p = (x p , r] p ) G Cf 19 and q = (x g , r] q ) G Cjr \ Cf 19 ', W%{p) n W s (q) = 
if index (x q J Vq ) > index (x p , f Vp ) - 1; and W u {q) n H^(p) = if index (x p , f Vp ) > 
index (x 9 , / % ) - 2. For example, ^"(g) n W*(p) = if 

> dim W u {q) + dim PF a s (p) - (n+ 1) = index (a;,, /,J + (n - index (x p , /,J - 1) - (n + 1) 

= index (a;,, f Vq ) - index (x p , f Vp ) - 2. (4.9) 

When the inequalities are equalities, W u (p) fl W s (q) = W u (p) n W a (g) and ^"(g) fl 
= W u (q) fl consist of isolated orbits corresponding to solutions that approach 

p polynomially. We call such orbits cusp orbits; parametrized ones are cusp solutions. An 
argument similar to one in [4] shows that between p and q there are only finitely many cusp 
orbits. 
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4.2.3. Short fast orbits. By Proposition 4.1, near p G C^™ 9 , one can parametrize Cjr by 
7 p : (— e, e) — > Cj- such that 

7p (0)=p, r ] (t)=r ]p ±s 2 . (4.10) 

We choose the orientation of 7 P such that index (7 P ((— e, 0))) = index (7 P ((0, e))) + 1. For 
e small enough there exists a unique such parametrization 7 and we call 7 the canonical 
parametrization near p. Then, for e small enough, there is a unique trajectory of the flow of 
— V/,j( s ) from 7(— s) to 7(5) and they are all contained in a small neighborhood of x p . 

Lemma 4.2. There exists eo > such that for all p G C^ ng and for s G (0, eo) there exists 
a unique trajectory of the fast flow from 7 P (— s) to 7 P (s), where 7 P : (— eo,eo) — > Cj- is the 
canonical parametrization of Cj near p. 

If < s < e < e , then we call a fast orbit from 7 P (— s) to 7 p (s) an e-short orbit. 

Lemma 4.3. For any e small enough, there exists 5 = 5(e) > such that, for all rj G R, any 
trajectories of the flow of —V f v which is not an e-short trajectory has energy no less than 5. 

Proof. Denote C^ ng,e = U pgC s;n 9 7 p ((— e, e)). Because we have assumed that the map C^ ng — > 

M x R — > R is injective, any fast trajectory both of whose beginning and end lie in C^ 719 ' 6 
much be an e-short trajectory. So suppose the lemma doesn't hold, then there exists e > 
and a sequence of nontrivial fast trajectories (yk,Vk) C M x {%} such that 

lim ftoM-oo)) - / % M+oo)) = (4.11) 

and they are not e-short ones. Hence without loss of generality, we may assume that for all 
k, yk{-oo) Cj n9, \ 

(1) linn^oo rjk = ±00, which implies that ^(±00) converges to points in Crit(/x). How- 
ever, if we rescale the orbit by z k {t) = y^rf^ t), then z fc converges to a (possibly 
broken) nontrivial trajectory of the flow of — V/x, which contradicts with (4.11). 

(2) limfc-s.00 r/k = r/oo G R. Then a subsequence of y k converges to a broken trajectory of 
f Voo , which must be a constant one. Hence 

lim (y fc (±oo)) =: fcSC^ C s ^\ (4.12) 

So for k large enough, y k (±oo) lie in the same connected component of Cjr \ C^ n9 ' 2 . 
This is impossible because on each such component, distinct points have distinct 
values of r\. 

□ 

4.3. The slow equation. On Cjr \ C s ™ 9 , which is parameterized by 77, the slow equation is 
given by restricting (1.7) to Cj- \ C s ™ 9 and dividing by A 2 : 

rf = -tM(x(ri)). (4.13) 

Thus t]' changes sign only when p, = 0. We have 

Crit(J") = {(x, 77) G Cjr I n{x) = 0} . 
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Thus rf changes sign only at points of Crit(J r ). By (A9), rf does not change sign at points 
of Cf*. 

Proposition 4.4. Equilibria of (4-13) are hyperbolic. 



Proof. Let p = (x p ,r) p ) be an equilibrium of (4.13). Then n{x p ) = 0, so by (A3), dfi(x p ) ^ 0. 
Hence we can choose local coordinates (xx, . . . ,x n ) near x p such that fi(xi, . . . ,x n ) = x n . 
Near p, Cj can be defined without reference to the metric g by the equations 

df 

— h r]5 n j, j = 1, . . . , n; Sn = Kronecker delta. (4-14) 

OXi 

Let e n = (0 ... l) , the nth standard unit basis vector in M n . Then the derivative of 
the system (4.14) is the n x (n + 1) matrix 

(Ha»/(aO e n ) = \ J) , (4.15) 



hT A - ( d-f . . . d 2 f dll 



where A is an (n — 1) x (n — 1) matrix, and (6 T , c) = (-. 

Since x p is a critical point of /| M -i(o), by (A5), A is invertible. The matrix (4.15) has full 
rank; a nonzero vector in its kernel is tangent at p to Cjr. Since p G Cjr \ C^ ng , such a vector 
has nonzero 77-component, and one can check that it has nonzero x n -component. Therefore 
near p, when Cjr is parameterized by r], we have x(rj) = (y(r)), x n (v)) with 

x n (rj) = a(rj - t] p ) + 0(t] - r] p ) 2 , a ^ 0. 

But then (4.13) becomes 

V' = a(v-V P ) + 0(v-Vp) 2 , 
which proves the result. □ 

Next we discuss the slow equation near points of C s ™ 9 . Recall that if po is an equilibrium 
of p = h(p), h is C s , Dh(p ) has m eigenvalues (counting multiplicity) with real part 0, and 
E is the corresponding m-dimensional invariant subspace of v = Dh(p )v, then there is a C s 
invariant manifold through p and tangent there to E, called the center manifold of p = h(p) 
at po- 

Proposition 4.5. Let p = (x p ,r) p ) G C^ ng . We can choose local coordinates (x\, . . . ,x n ) on 
M near x p , with x p corresponding to 0, in which 

DV/(0) = ^oj ' A an invertible symmetric (n — 1) x (n — 1) matrix. (4.16) 

The center manifold of (1.6 )-( 1.7) at p is parameterized by (x n , rf) . There are numbers c 7^ 
and d 7^ such that the system (1.6)-(1.7), restricted to the center manifold, is 

x' n = c(r 1 -rj p )+dx 2 n + ..., (4.17) 

t/ = -A 2 (M%) + •••), (4.18) 

where . . . indicates terms of higher order (and, in (4- 17), other second-order terms). There- 
fore near p, Cjr is parameterize by x n , and n\Cjr has a nondegenerate critical point at p. 
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Proof. (A7) implies that we can choose local coordinates (xi, . . . , x n ) on M near x p , with x p 
corresponding to 0, in which (4.16) holds. In these coordinates, \i = + a T x + . . . with 

a G W 1 . Write x = (y,x n ) with y G K" -1 , and write a = (6, c) with b G ]R n_1 and cGi 
Near p the system (1.6)— (1.7) becomes 

y' = Ay + b(r]-r) p ) + ..., (4.19) 
< = c( V - Vp ) + dx 2 n + ..., (4.20) 
V = -A 2 (/i(x P ) + ...), (4.21) 

where ...indicates higher-order terms (and, in (4.20), other second-order terms). (A7) 
implies that c ^ 0, and (A8) implies that d / 0. The linearization of (4.19)-(4.21) at 
(y,x n ,r}) = (0,0, rj p ) is 

'A 6 N 
0c 
,0 0, 

The matrix has a two-dimensional generalized eigenspace for the eigenvalue that is tangent 
to the center manifold of (4.19)-(4.19) at p. The center manifold is parameterized by (x n , rj), 
and to lowest order it is given by 

V = -A~ l b{ri - rip) 

The restriction of (4.19)-(4.21) to the center manifold is therefore given by (4.17)-(4.18). □ 
Proposition 4.1 is of course just a partial restatement of Proposition 4.5. 





4.4. Three indices. In this subsection we describe the relation between three different 
Morse indices: 

(1) For any p = (x p ,r) p ) G Cjr, we have index(x p , f Vp ), used in Subsection 4.2. 

(2) For p — (x p ,r)p) G Crit(J r ), we can consider index (p, J-). 

(3) lfp= (x p ,r) p ) G Crit(J r ), then x p G Crit(/| M -i(o)), and we can consider index (x p , f | M -i(o))- 

We have already seen in Lemma 2.1 that indexQo, J 7 ) = mdex(x p , /| M -xm)) + 1 for p = 
(x p ,T] p ) G Crit(J r ). The best way to see the relation of the different indices is to look at the 
corresponding unstable manifolds. 

Proposition 4.6. Let p = (x p ,r] p ) G Crit(J r ). 

(1) If p is a repeller of the slow equation, then index (p, F) = index(x p , f v ) + 1. 

(2) If p is an attractor of the slow equation, then index (p, J 7 ) = index (x p , f v ). 

Proof. If p is a repeller of the slow equation, then for small A > 0, the equilibrium p of (1.6)- 
1.7) has one more positive eigenvalue than the equilibrium x p of f Vp . Since the index of a 
critical point of a Morse function h is the number of positive eigenvalues of the corresponding 
equilibrium of V/i for any metric, (1) follows. (2) is similar. □ 
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5. Adiabatic limit A -> 

5.1. Slow solutions, fast solutions, and fast-slow solutions. Let p-,p+ G Cjr. 

Recall that a nontrivial fast solution from p_ to p + is a nonconstant solution x(t), — oo < 
t < oo, of (1.6)— (1.7) for A = 0, such that lim^-too x(t) = p±. 

Let (x(r)),r]) parameterize the closure of a component of Cj \ C^ n9 . Let I(a_,a + ) C K 
be the closed interval from a_ to a + , with a_ < a + ; we allow a_ = — oo, a + = +oo, and 
a- = a + E R. Let r/(£), i in the interior of /(«_,«+), be a solution of rf = —jiixirf)). 
If a_ (respectively a+) is finite, we extend rj(t) continuously to a_ (respectively a+). Let 
p(i) = (x(ri(t)),ri(t)), t G J(a;_,a + ), and let p± G Cjr. Then p{t) is a stow solution from p_ 
to J9 + (for short, a stow solution) provided: 

(1) if a_ (respectively a+) is finite, then p(a_) = p_ (respectively p(a+) = p+); 

(2) if a_ = — oo (respectively a + = +oo), then lim t ^_ 00 p(t) = p_ (respectively 
\m\ t ^ +00 p(t) = p + ). 

A slow solution or its orbit is trivial if the orbit is a single point in Cjr. 

A fast-slow solution from p_ to p + of (1.6)— (1.7) (for short, a fast-slow solution) is a 
sequence 

= (p O ,0-i,Pi, 02,^2, • • • ,Pn~l,CTn,Pn) (5-1) 

such that: 

(1) Pq=P-, Pn =P+- 

(2) Each pi G C T . 

(3) Each <jj is a nontrivial fast solution or a slow solution from £>j_i to pi. Trivial slow 
solutions are allowed, but o\ and a n are not allowed to be trivial slow solutions. 

(4) Either (i) Oi is slow for i even and fast for i odd, or (ii) crj is slow for i odd and fast 
for % even. 

Trivial slow solutions are allowed to deal with the possibility that a fast solution to p is 
followed by a fast solution from p. 

An orbit (fast orbit, slow orbit, or fast-slow orbit) is an equivalence class of solutions 
obtained by forgetting the parametrization (but remembering the orientation in which T 
decreases). In particular, a fast-slow orbit is denoted by \3£\ for i?f as in (5.1). 

Remark 5.1. A fast-slow orbit defined above is similar to a "flow line with cascades" in Morse- 
Bott theory (see [6]), where the fast solutions correspond to "cascades". The difference is 
that the slow manifold Cj is not everywhere normally hyperbolic, and we can have pi G C^ ng . 

In the remainder of this subsection, we will discuss some properties of fast-slow orbits 
from p_ G Cjr to p + G Cj. We are particularly interested in the case p± G Crit (J 7 ) and 
index (p_, J 7 ) — index (p + , J 7 ) = 1. 

The following proposition is obvious. 

Proposition 5.2. Consider a nontrivial slow solution p(t), t G J(a_,a + ) ; from p_ to p + . 

(1) Ifp- G C s ™ 9 , then either (i) for all t G (a_, a+), index (x p (t), fri p u)) = index (x_, f v _), 
or (ii) for all t G (a_, a+), index (x p(t ), = index (sc_, /,,_) + !. 
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(2) Ifp + G Cj n9 , then either (i) for all t G (a_, a+), index (x p{4) , /^ {t) ) = index (ar + , f v+ ), 
or (li) for all t G (a_, a+), index (x p(t) , /^ (t) ) = index (ar + , f v+ ) + 1. 

A slow solution for i G !{&-, «+) is regular if it is nontrivial and satisfies: 

(1) If p_ G C^" s , then for all t G (a_, a+), index (x p (t), = index (x-,f v _) + 1. 

(2) If p + G C^ ms , then for all t G (a_, a+), index = index (x+, f v+ ). 

A slow orbit is regular if it is the orbit of a regular slow solution. 
See Figure 2. 




(a) (b) 

Figure 2. (a) Direction of slow flow is downward. The thick curve is a regular 
slow orbit that starts at p_. Points on it have index one greater than p_. (b) 
Direction of slow flow is downward. The thick curve is a regular slow orbit 
that ends at p + . Points on it have the same index as p + . 



Proposition 5.3. Let'-/ be either a slow or fast solution from p- = (x-,r]-) top + = (x + ,n+). 

(1) If j is a regular slow solution, then: 

(a) If p- G Cj ntj , then index (x + , f v+ ) = index (x_, f v _) + 1. 

(b) Otherwise index (x + , f v+ ) = index f n _) 

(2) If 7 is a nontrivial fast solution (so 7]+ = r\^), then: 

(a) At most one of p± is in Crit(J r ) U C s ™ 9 . 

(b) index (x + , f n+ ) < index (a; _,/„_) • 

(c) Ifp + G Crit(J r ) UC^™ 9 or p_ G Crit(J r ) ; then index (x + , /^ + ) < index (x_ , ) — 
1. 

Proof. The result for slow solutions is immediate from their definition. 
For fast solutions, (2) (a) follows from assumption (A12) 

Let p(t) be a fast solution, let index (x_ , f v _ ) = k, and index (x+, f v+ ) = I. (Of course 
V+ = V-) 

If p + G Crit(J") UC™ 3 , then (All) or (A13) implies that W u (p_) and W s (p+) intersect 
transversally within M x {??_}. We have dimVK u (p_) = k, and dimW /s (p + ) = n — I, so the 
intersection is nonempty provided k + (n — I) > n + 1, i.e., Z < — 1. 

If p- G Crit(J-"), the same argument applies. However, if p_ G C^ n9 , then dimVK w (p_) = 
k + 1. We again have dimH^ s (p + ) = n — Z, so the intersection is nonempty provided (k + 
1) + (n- Z) > n + i.e., Z < fc. 
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If neither p_ nor p + is in Crit(J r ) U C^ ng , then we do not know that W u (pJ) and W s (p + ) 
intersect transversally within M x {^_}. However, by (A10), (k + 1) + (n — I + 1) > n + 2, 
so / < fc. □ 

Proposition 5.4. Consider a fast- slow solution E£ = (p , o~i, p±, OiiVi-, ■■■ ,Pn-i, &mPn) from 
P- = r^_) to p + = (x + , r] + ), with neither in C^ ng and index (x + , f v+ ) > index(x_, f v _) = 
k. Then 

(1) For all i > 1, index (x Pi , f p .) = k, except for the case where Pi G C s ™ g and Oi is a fast 
solution, in which case index (x Pi , f Pi ) — k — 1. In particular, index (x + , f v+ ) = k. 

(2) All slow solutions appearing in E£ are regular. In particular, they are nontrivial. 

(3) If Pi G Crit(J r ), then i = or i = n. In the first case, p = p_ G Crit _ (J r ) and a 1 is 
slow; in the second case, p n = p + G Crit + (J r ) and a n is slow. 

(4) The fast solutions are handle-slides or cusp solutions. 

Proof. Along a fast-slow solution, index (x Pi , f Pi ) < index (x Pi _ x , / Pl _J, except along a regular 
slow solution for which £>j_i G C^ ng and pi G Cjr \ C^-™ 9 ; in this case index (x Pi , f Pi ) = 
index (x p< _ 1 , /p^J + 1. However, the index drops along the fast solution from pj_ 2 to Pi-\. 
Thus (1) holds; also, nontrivial slow solutions must be regular and (3) must hold, otherwise 
we would have index (x + , f v+ ) < index(x_, f n _)- (3) rules out fast solutions that start or 
end in Crit(J r ); any remaining fast solutions are handle-slides or cusp solutions, so (4) holds. 
Since handle-slides and cusp solutions occur at different values of 77, slow solutions must be 
nontrivial, which completes the proof of (2). □ 

Now we describe fast-slow solutions between two critical points whose indices differ by 
1. Recall from Subsection 2.1 that Critfc(J-") denotes the set of index k critical points of J 7 . 
Let Crit^J 7 ) (respectively Oritur (J 7 )) denote the set of equilibria in Critfc(J r ) that are stable 
(respectively unstable) equilibria of the slow equation. Let Crit ± (J r ) = Ufc^oCrit^J 7 ). 

Proposition 5.5. Let p± = (x±,r]±) G Crit(J r ) with p_ G Critfc(J r ), p + G Crit / t_i(J r ). A 
fast-slow solution = (p , 0"i,Pi, cr 2 ,p 2 , • • • ,Pn-i, a mVn) from p_ to p + has the following 
properties. 

(1) If (?i is a fast solution from p^i = (x Pi _ i; r/^J to pi = (x Pi ,r] Pi ) (of course r] Pi = 
■q Pi _J, then index (x Pi , f Vp .) = index (2^, /^J, unless: 

(a) pi G C 8 ™ 9 , in which case index (x Pi , f Vp .) = index (xp.^, - 1- 

(b) i — 1, pq — p_ G Crit^ (J 7 ), in which case o~\ is fast (so i] Pl = r\ p ) and 
index (x pi , f Vpi ) = index (s_ ,/„_)- 1 ■ 

(c) i = n, p n = p + E Crit^_ 1 (^ r ), m which case a n is fast (so r\ q = r] Pn _ l ) and 
index (x+, = index (x^ , f VPnl ) - 1. 

(2) t4/Z sfow solutions appearing in 3£ are regular. In particular, they are nontrivial. 

(3) Fori = l,...,n-l,pii Crit(7"). 

(4) T/ie /asi solutions in S£ are handle-slides or cusp solutions, except for o~\ when 
P- G Crit^ (J 7 ) and a n when p + G Ciit^ ^F). 

In addition: 
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(I) Suppose p- G Crit^ (J 7 ) and p + G CritjJl_ 1 (J r ) . Taen the odd o~i are fast, and n is 
even. 

(II) Suppose p_ G Crit^J 7 ) and p + G Crit^_ 1 (J r ). Taen £/ie odd are fast, and n is odd. 

(III) Suppose p_ G Crit^ (J 7 ) and p + G Crit^_ 1 (J r ). Taen i/ie odd ai are slow, and n is 
odd. 

(IV) Suppose p- G Crit^(J r ) and p+ G Grit - ^ (J 7 ) . Taen t/ie odd a, are slow, ana" n zs 
even. 

Proof. We prove (l)-(4) separately for the cases (I) and (II). The proofs for cases (III) and 
(IV) are similar so we omit them. We remark that in one of the cases, case (III), we can 
have n = 1, which means S£ may contain a single slow solution and no fast solutions. 

Proof in case (I). In this case, index (sc_, f v _) = k and index (x + , f v+ ) = k — 1. Since 
p_ is an attractor for the slow equation, the first solution o\ must be fast, so the odd 
(jj are fast. By Proposition 5.3 (2), pi ^ Crit(J r ) U C^ n9 and index (x pi , f v ) < k — 1. 
Consider the portion of the fast-slow solution from pi to q. Then Proposition 5.4 implies 
that index (x Pl , f Vp ) = k — 1, conclusion (2) of Proposition 5.5 holds, and pi ^ Crit ± (J r ) for 
i — 2, . . . , n — 1 so (3) holds. Proposition 5.4 also implies that all fast solutions except the 
first are handle-slides or cusp solutions, so (4) holds. 

Since p + is an attractor for the slow equation, a priori the last solution could be slow 
or fast. However, if the last solution were fast, from Proposition 5.3 (2) we would have 
index (x + , f v+ ) < index (x Pn _ 1 , /r ?Pn _ 1 ) — k — 1, contradiction. Therefore the last solution is 
slow, so n is even. Then (1) and (4) follow from Proposition 5.4. 

Proof in case (II). As with case (I), index (x_ , f v _ ) = k; o~i must be fast, so the odd 
<7i are fast; p\ Crit(J r ) U C^ ng ', and index (x Pl , f v ) < k — 1. Since p + is a repeller 
for the slow equation, index (x + , f v+ ) = k — 2, and the last solution must be fast. Then 
Pn-i Cri^J 7 ) UCj" 9 , and by Proposition 5.3 (2), index (x Pn _ 1 , /r? p x ) > A; — 1. As in the 
previous argument, for the portion of the fast-slow solution from pi to p n -i, apply Proposition 
5.4; we obtain (l)-(4). Since the first and last solutions are fast, n is odd. □ 

5.2. The chain complex. Now let p, q G Crit(J-"). We denote by A/"°(p, q) the space of all 
fast-slow solutions from p to q and Af°(p, q) the space of all fast-slow orbits from p to q. 

Proposition 5.6. If p,q G Crit(J-") and index (g, J 7 ) = index (p, J 7 ) — 1, then #Af°(p,q) < 
+oo. 

Proof. By Proposition 5.5, we only need to show that there are finitely many handle-slides 
or cusp orbits contained in J 7-1 ([^(g), J 7 ^)]). But this follows from our description of Cj 
at the beginning of Section 4 and the transversality assumption (A10), (All), (A13). □ 

Now we define a chain complex (C°, d°) of Z 2 -modules. It has the same generators and 
gradings as C x . Its boundary operator d° : C° — > C^_ 1 is defined by 

(dPp, q) = #A/"°Go, q) mod 2. (5.2) 

The main theorem of this section and the essentially new thing we constructed in this 
paper is: 
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Theorem 5.7. (C°,d°) is a chain complex, i.e., d° o d° = 0. Moreover, the homology 
H k (C°,d°) is canonically isomorphic to H k _i(fi~ 1 (0),Z 2 ) ■ 

The proof of this theorem is carried out in the following way. Let p,q G Crit(J-"). First we 
prove that for small A > 0, any orbit in A4 x (p, q) is close to a fast-slow orbit in Af°(p, q) (the 
compactness theorem, Theorem 5.9). Then we restrict to the case index(p, J 7 )— index(g, J 7 ) = 
1 and show that for each small A > 0, each orbit in M°{p,q) is close to exactly one orbit 
in Ai x (p, q) (the gluing theorem, Theorem 5.14). The resulting one-to-one correspondence 
implies that (C°, d°) is isomorphic to (C x , d x ) for small A G A reg . Then by Corollary 3.2, we 
obtain the isomorphism. 

5.3. The compactness theorem. 

Definition 5.8. Let p, q G Crit(J r ). Let X u G M + be a sequence such that lim^oo \ u = 0. We 
say that a sequence of (parametrized) trajectory x v G M. Xv (p, q) converges to a parametrized 
fast-slow solution 3£ = (p , &i,pi, cr 2 , ■ ■ ■ ,p n -i, o~ n ,p n ) G Af°(p, q), if the following holds 

(1) For any fast solution cr^ contained in J?f , there exists ti„ G K such that the sequence 
of maps 

x v (- + t i)U ) = {x u {- + t i;U ),r] v (- + t ijV )) 
converges to <jj in the C^ c -topology. 

(2) For any slow solution <x,- contained in JT, there exists a sequence of intervals C 1R 
such that 

lim d{I jv M v ) = oo 

v— >oo 

for any t^ v satisfying the first condition for any fast solution cr^, and such that 

lim xJl jjU ) = a a 

in Hausdorff topology. 

It is easy to see that the limit is unique in M°(p, q) and it only depends on the sequence 
of orbits \x v ] but not the representatives. Moreover, the image of x v will converge to the 
image of in Hausdorff topology. 

We would like to prove the following theorem in the remaining of this section. 

Theorem 5.9. Suppose p,q G Crit(J r ) and X u — > + be a sequence of real numbers. Suppose 
%v = {x v ,Vv) e Ai x "(p,q). Then there exists a subsequence (still indexed by v), and a fast- 
slow solution 2£ = (p , <t 2 , • • • ,p n -i,a n ,p n ) G ftf°(p,q), such that (x u ,(, u ) converges 
to in the sense of Definition 5.8. 

A key point in proving this theorem is to use the energy control to bound the number 
of pieces of fast trajectories appearing in the limit. This is similar to the proof of Gromov 
compactness theorem of J-holomorphic curves where there is a lower bound of energy for 
any nontrivial bubble. After finding all the fast trajectories in the limit, each adjacent two 
of them are connected by a slow trajectory. And before the first fast trajectory and after 
the last fast trajectory, one may or may not need to add nontrivial slow ones, depending on 
the types of p and q (i.e., repeller or attracter of the slow flow). 
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From now on the sequence x v is given and we are free to take subsequences as many times 
as we want. 

5.3.1. The limit set. For any subsequence v' of v and intervals I v > C R, set 



Lemma 5.10. We have 

(I) (x, 7]) G Loaiy'^Iyi) if and only if there exists a subsequence v" of v' and a sequence 

of numbers t v tt G I u ", such thatlmx^i^ooXyiiit^,) = (x,rf). 
(II) L^v'.Iyi) is compact. 

(Ill) If there exist s u i G I u > such that linv^oo x u >(s u ') exists, then L 00 (z/',/y/) is connected. 

Proof. The first statement and the closedness is by definition, and compactness follows from 
Lemma 2.3. It remains to show the connectedness. If not, then there are two nonempty 
closed subset Li,L 2 C M x if such that L^v'^Iyi) — L\ U L 2 , and L 1; L 2 has a nonzero 
distance. Suppose lim,/^^ 5v(,v) G L±, then there exists a subsequence (still indexed 
by z/) and w u > G I u i such that d(x u '(w u i), L 2 ) — > 0. Then there exists w' u , G [s u ',w u >] 
such that d{x u '(w' u ,), Li) = d{x u i{w' ul ), L 2 ) > for the same subsequence. Then there is a 
subsequence of x v i[w' v l) converges to a point "between" L\ and L 2 , which contradicts with 



The following lemma is obvious. 

Lemma 5.11. suppose we have two sequence of numbers, s u < t v with lim^oo x v (s u ) = a, 
lim^oo x v {t v ) = b. ThenT{a) > F(b). And for any z G L^iy, [s u ,t u ]), F(z) G [J 7 (a), ^(b)} . 

5.3.2. Identify all fast orbits. By the compactness of L^iy, R), and the fact that \ v — > 0, 
for any sequence t v G K, there exists a subsequence for which r\ v {- + t u ) converges to a 
constant function rjx, on any finite interval. Then by usual argument of Morse theory, there 
is a subsequence of x u (- + t u ) converging to a fast solution y~\ := (1/1,771) : M. — > M x M. with 
Imyi C M x {r/i}, in C^ c -topology. So L 0O (z/, R) is the union of fast orbits (which could 
be constant orbits). We first prove that for a suitable subsequence it only contains finitely 
many nonconstant ones. 

Proposition 5.12. There exists a subsequence (still indexed by v without loss of generality), 
and ti jU , . . . , t Htl/ el (n could be zero), satisfying 

(I) ti )V < t 2 , v < ■ ■ < t n>v , lim^oo \t i>v - t j>v \ = 00 for all i^j. 

(II) x v {- + t i)V ) converges to a (nonconstant) fast solution Oi := {yi,rji) : R — > M x M in 
the C^ c -topology. 

(Ill) For any sequence s u G R such that lim^oo \s„ — t iiU \ = 00 for all i, any convergent 
subsequence ofx u (s u ) has limit in Cj. 

Proof. If L 0O (z/, R) C Cjr, then nothing has to be proven. Suppose it is not the case. Then 
we take 5, e > as in Lemma 4.3 and small enough, and r > small enough such that 
• All e-short orbits are contained in U c sin g B r (w); 




(5.3) 



k>l 



L 00 (z/ / ,/ l/ /) = Li U L 2 . 



□ 
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• All nontrivial fast orbits which are not e-short has energy no less than 5; 

• For each w G C^ n9 , Cjrr\B 2r (w) can be parametrized using the canonical parametriza- 
tion as in (4.10), so that J 7 restricted to both components of Cjr fl B 2r (w) \ {w} is 
monotonic. 

Let N = [f J, where E = J-{p~) — J r (p+) is the total energy. Then it is easy to prove by 
induction, that there exists k < N (could be zero), a subsequence v' of the original sequence, 
a sequence of numbers {Uy} i=1 k and fast solutions iji := (yi,r]i) satisfying 

(1) linv^oo t i+ iy - t iy = +oo, for i = 1, . . . , k - 1; 

(2) linv^ooX^ti^ + ■) = (Vi,Vi) in Ctaf to pology; 

(3) each % has energy > 5. 

(4) Any other nonconstant fast orbit contained in L 00 (^',]R) is an e-short orbit. 

We replace v' by v for simplicity. Let N' = j^C s ™ 6 '. Then we can continue the induction 
to find all e-short orbits, and we claim that the induction stops at finite time and we can 
find at most N'(N + 1) e-short trajectories. Suppose not, then there exists a w G C s ™ 9 and 
a subsequence, still indexed by u, and sequence of numbers 

si,u < s 2 ,u < ■■■ < S N+2 ,u (5.4) 

such that for each j, x u (sj^ u + •) converges in C^ c to an e-short solution Zj := (£j,£j) whose 
orbit is contained in B r {w). And there exists j G {1, . . . , iV + 1} such that L^iy, [ s j,u, s j+i,v\) 
contains no orbits which are not e-short. Then we take [tj, u ,tj+i,u\ C [sj jV , Sj+i >u ] such that 

lim x u (tj U ) = lim zAi) =: a + G Cjr, lim x v (tj+\ v ) = lim i,+i(t) =: 6_ G Cjr 

and denote lim^-oo Zj(t) = a_, \im t ^ +00 Zj + i(t) = b + . Suppose L^u, [tj >v , tj + \ yV \) contains 
some other e-short orbit contained in B r (w), then it can contain only finitely many, because 
those orbits must start from the arc between a_ and 6_ and ends at the arc between a + and 
b + , whose energy has a nonzero lower bound. Therefore, by taking a subsequence if necessary, 
and chooing subintervals of [tj iV ,tj + i iU \, we may assume that T = L^u, [tj >v ,tj+i >v ]) contains 
no other e-short orbit which is also contained in B r (w). This implies that 

TcCfU (J B r (v). 

Indeed, T is contained in a connected component of the latter set, which is homotopy equiv- 
alent to a circle or M. 

Now by the fact that w is a nondegenerate critical point of T\c T -, we see that w ^ T, 
because otherwise by Lemma 5.11, J-(w) G [J r (a + ),J r (b-)]. But there are other points 
contained in Cj fl (B2 r {w) \ B r (w)) which is not in T, by the monotonicity requirement in 
Lemma 5.11. Then this contradicts with the connectedness of T. 

□ 

5.3.3. Identify all slow orbits. One can not go from p to q only through fast orbits because 
Vp 7^ Vg according to our assumption (A12). Hence in the limit slow orbits appear. The 
identification of them is easy intuitively, because Cjr is 1-dimensional and our limit object 
should be connected. 
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Proposition 5.13. Assume the sequence x v and {ti >v }i=i n satisfy the condition of the last 
proposition. Let t 0jU = — oo and t n+ i^ = +00. Then there exists a subsequence (still indexed 
by v), and slow orbits 7$ C C?, % — 0, . . . , n satisfying the following: 

(I) For each i — 1, . . . , n, % is from ^(+00) to 00). 

(II) If p G Crit + (J-"), then 70 is the single point p; if q G Crit _ (J r ) ; then 7„ is i/ie single 
point q. 

(Ill) For each i = 1, . . . ,n — 1, there exists intervals (ai tU ,b^ u ) C (ii-i,^, U >v ) such that 
lim I/ _ 5 . 00 ^ tj_ x jiy | = lim^—^oo jfej^ Oi,v\ = hm^— s>oo l^-i,^ = ^ fflwrfxj/Qfl^j/, fej,,;/]) 

converges to 7^ z'n Hausdorff topology. 

Proof. By the previous proposition, we may find sequences of intervals = [a^, 6^] C M, 
z = 1, . . . , n — 1 such that for each u, PI = 0, for i ^ j, bi )V — a ijU — > 00, and 

lim x v (a iv ) = ?/i(+oo), lim = y i+1 (-oo). 

v— >oo v—t-oc 

And take Iq iU = (—00, ao,i/], I n ,v = [b n ,u, +00) such that 

lim x u {a^ v ) = yi(-oo), lim x v {b ntU ) = y n (+oo). 

(1) For each z G {l,...,n}, set 7/ ii± = y,(±oo). And set y 0>+ = p, y n +i- = q- For 
i — 0, . . . , n, let Tj C be the union of all slow orbits from y i)+ to Since 
Cjr is a 1-dimensional manifold, Tj is either a single point, or is one nontrivial slow 
orbit, or is the union of two nontrivial slow orbits. We would like to prove that 

If is the union of two slow orbits, then Tj the whole connected component of it 
in Cjr. By the connectedness of L^v, I i u ) the claim is true. 

Suppose Tj is simply-connected and L^z/, Z^) is also simply-connected. Suppose 
in this case the claim is not true, then there exists a subsequence (still indexed by u) 
and t v G such that lim^oo x u (t u ) = z G L^^u, I i u ) \ Tj and 

J r {y l ,+) > F{z) > F(y i+ i-). (5.5) 

But since ^(i^, [t u , b^ u }) and t v ]) are connected, either the former contains 

yi i+ or the latter contains either of which contradicts Lemma 5.11. 

We claim that it is impossible that Tj is homeomorphic to a closed interval and 
I/oo(z/, Ii M ) is homeomorphic to a circle C C Cj. Suppose not, then Lemma 5.11 
implies that + and yi+i - must be the absolute maximum and minimum of the 
function T restricted to this component C. The critical points of F\c can be put 
in a cyclic order and adjacent to yi t +, the two local minimum are yi+i - and some 
z G C \ Tj. Taking a subsequence and find t u G such that lim^oo x v {t v ) = z. 
And consider the interval J iv = [t u ,b i:U ]. Then /^(z/, Jj j,) is homeomorphic to a 
closed interval and doesn't contain y i>+ . But this is impossible because then it must 
contain another local maximum z' between z and yi+\- to keep the connectedness 
of Loo^v, Ji tU ), while J-(z') ^ [^(z), .F (1/1+1,0)], which contradicts with Lemma 5.11. 

(2) We can identify one slow orbit contained in Tj. More precisely, we would like to show 
that, there exists 7« C Tj a slow orbit from y ij+ to yi+i- and a subsequence v' such 
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that L oc (z/ / , Jj^/) = 7j. Assume it is impossible, then Tj = 7* U -yf the union of two 
different (nonconstant) slow orbits, and we can assume that there exists a subsequence 
v' such that for any further subsequence {u"} C {v 1 }, "fj C L 0O (z/", Iiy). 

Now suppose there exists z G L^iy' ', I i;U /) fl (r, \ 7*). Then there exists a subse- 
quence v", and t~„,ty»,tj, G ii,„", £~» < V' < such that 

lim x v ii{t v ») = z, lim x v n(t^„) = 2* G Int^ 1 ) 

and > J 7 ^) > 7"(S) > J r (? + ) > 

Since 

(r < \79n^- 1 ([^(T),^(2+)]) 

has a nonzero distance from 71, it means 

is disconnected, which contradicts with Lemma 5.10. Hence we have L^v' ,Ii v ') = 

(3) So in summary, there exists a slow orbit 7^ from y i>+ to _, and a subsequence (still 
indexed by u), such that L^v, I i>u ) = 7$. By the connectedness of L^v, Ii )U ), this 
implies that x v (Ii„) converges to ji in Hausdorff topology. (II) of this proposition 
simply follows from the requirement that J 7 is decreasing along 70 and 7„, and p is 
attracting and q is repelling in this case. 

□ 

So we complete the proof of the compactness theorem. 
5.4. Gluing. In this subsection we prove the following theorem. 

Theorem 5.14. Suppose p G Critfc(J r ) ; q G Critfc_i(J-'). Then, there exists eo > ; such that 
for all A G (0,eo], there exists a bijection 

$ A : Af°(p,q) ^M X (p,q) (5.6) 

such that for any 3^ G M°{p,q), there exist representatives x x G Ai x (p, q) o/$ A ([^*]) such 
that {x x } converges to 3£ in the sense of Definition 5.8. 

Proof. Let p G Crit / fc(J r ), q G Critfc_i(J r ). Theorem 5.9 implies that for A > small, any 
orbit in Ai x (p, q) is close to a fast-slow orbit in Af°(p, q). We must show that for any fast- 
slow orbit from p to q, if A > is small, then there exists a unique orbit from p to q that lies 
near the given fast-slow orbit. 

The proof consists of two parts. In the first part, we construct the gluing map $ A , by 
using the Exchange Lemma (Lemma A.l) and General Exchange Lemma (Lemma A. 2). In 
the second part, we show that $ A is a bijection. 

We remark that, there is only C r - version but no C°°- version of the Exchange Lemma and 
General Exchange Lemma (cf. Section A). Hence the unique orbits we constructed in the 
first part are only of class C s a priori, for some < s < r. But since all such orbits are 
solutions to an ODE with smooth coefficients, they are actually smooth. 
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Now we start to construct the gluing map. We will frequently use Proposition 5.5 without 
citing it, and we will use the notation W u (p, A), etc., from Subsection 2.3. 

Let 3£ = (p , 01, Pi, • • • iVn-Xi^niVn) be a fast-slow solution from p to q. For small A > 0, 
we will follow W u (p, A) around the fast-slow solution until it meets W s (q, A) transversally. 
Any orbit in Ai x (p, q) that is near the given fast-slow solution must be in the portion of 
W u (p, A) that we follow; uniqueness is a consequence of the transversality at the end of the 
proof (Step 8). 

We have p G Crit^J*) U Crit~/ (J 7 ) and q G Crit£_ 1 (.F) U Crit^p 7 )- 

Step 1. Suppose p = (x p ,r) p ) G Crit^p 7 ). Then index (x p , f Vp ) = k, and o\ is a fast 
solution from p to p\ — (x Pl ,r) Pl ) G Cj- \ C^- ng , with index (x Pl , ) = fc — 1. By (A13), 
^"(p, 0) meets W s (pi,0) transversally within M x {r] p } along <j\. Then W u (p, 0) meets 
W /S (c r 2,0) transversally in M x I along cxi. (More precisely, 02 should be replaced by a 
compact portion of the complete orbit corresponding to a 2 ] we shall use this sort of abuse 
of notation throughout this section.) The dimension of the intersection is dim W u (p,0) + 
dim W s (a 2 , 0) - (n + 1) = k + (n - (k - 1) + 1) - (n + 1) = 1. 

Thus <7i is isolated in the intersection. The next orbit a 2 is slow, and we have (i) p 2 G 
Cjr \ C^ n9 , or (ii) p 2 G C^ ng '. In both cases, index (x P2 , f Vp2 ) = k — 1. 

5"tep After Step 1, in case (i), the Exchange Lemma [9] implies that for A > small, 
W u (p, A), followed along the flow, becomes close to W / "(cr 2 ,0) near p 2 . By close we mean 
close in the C s -topology for some large s, which decreases in the course of the proof; see 
Appendix A. Notice that the dimension of W u (<72, 0) is (k — 1) + 1 = k as it should be. 

The next orbit <r 3 is fast, and we have (i) p 3 G Cjr \ C^ n9 , or (ii) p 3 G C s ™ 9 . In case (i), 
index (x P3 , f Vp3 ) = k - 1; in case (ii), index (x P3 , f Vp3 ) = k - 2. 

Step 3. After Step 1, in case (ii), let N denote the center manifold of (1.6)— (1.7) for A = 
at P2, which has dimension 2. The choice of center manifold is not unique; we may choose 
it to include the start of u 3 (see Appendix B). By the Exchange Lemma, for A > small, 
W u (p, A), followed along the flow, becomes close to W u (o~2, 0) where 02 enters No. Of course 
W u (o~ 2 , 0) (dimension k) is transverse to W s (Nq, 0) (dimension (n—(k—l) — l)+2 = n—k+2); 
n — (k — 1) — 1 is the number of negative eigenvalues at p2- The dimension of the intersection 
is 1. For small A > 0, A^ perturbs to a normally hyperbolic invariant manifold N\, and 
W u (p, A) is transverse to W S (N X , A). 

The solution in W u (p, A) PI W S (N\, A) approaches a solution p 2 (t) in N x that is initially 
near cr 2 R N . The system restricted to N x , A > 0, has been analyzed in [12]; see Appendix 
A. The result is that leaves N x close to o~ 3 fl N . Then the General Exchange Lemma 
implies that W u (p, A) becomes close to the restriction of W U (N , 0) to cisnAo, i.e., W u (p 2 , 0), 
as W u (p, A) exits a neighborhood of N x . W u (p2, 0) has dimension — 1) + 1 = k as it should. 
The orbit 03 is fast, p 3 G Cjr \ C'^ ng , and index (x P3 , f Vp3 ) = k — 1. 

Step 4- After Step 2, in case (i), W u (p, A) is close to iy n (cx2,0) near p 2 , and by (A10), 
W u (a 2 ,0) is transverse to W /S (a"4,0) along 0-3. Continuation from here is like continuation 
after Step 1, described in Steps 2-3. 

Step 5. After Step 2, in case (ii), we note that by (A13), W u (p 2 ,0) (dimension k — 1) is 
transverse to W s (ps, 0) (dimension n — (k — 2)) within M x {rj P3 } along 03. Let N Q denote the 
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center manifold of (1.6)— (1.7) for A = at p 3 , which has dimension 2; we choose it to include 
the end of 03 (see Appendix B). Then W U ((J2, 0) (dimension k) is transverse to W s (N ,0) 
(dimension (n — (k — 2) — 1) + 2 = n — k + 3) along cr 3 . The intersection is 2-dimensional 
and consists of solutions that track an open set of solutions in Nq around o~ 3 . 

Step 6. After Step 3, we note that by (A13), W u (p2,0) (dimension k) meets W s (p 3 ,0) 
(dimension n — (k — 1)) transversally within M x {i] P3 } along 03. As in Step 1, W u (p2,0) 
meets W s {a^ 0) transversally inMx! along 03, and W u (p, A) is close to W u (p2, 0) near 
(T 3 . The next orbit 04 is a slow solution from p 3 to (i) p\ G Cjr \ C s ™ 9 , or (ii) p 4 G C^™ 9 . In 
both cases, index (x P4 , ) = /c — 1. Continuation from here is like continuation after Step 
1, described in Steps 2-3. 

Step 7. After Step 5, for small A > 0, the tracked orbits include an open set U\ in N\, the 
perturbation of Nq, that lies above an open set Uq in Nq that contains 04 fl A<o in its interior. 
The General Exchange Lemma implies that W u (p, A) is close to the restriction of W U (N , 0) 
to U Q) i.e., to W u {a$ fl N ), as it exits a neighborhood of N\. Continuation from here is like 
continuation after Step 2, described in Steps 4-5. 

Step 8. Continuation proceeds using analogs of the steps previously described until W u (p) 
arrives near p n -i- 

If q G Crit^J 7 ), then a n is slow, and index (x Pn _ 1 , frj v _ ) = index (x q , f Vq ) = k — 1. 
W u (p,X) arrives near p n along the slow orbit a n , close to W u (a n ,0), which has dimension 
k. W u (a n ,0) is transverse to W s (a n ,0), with dimension n — (k — 1) + 1 = n — k + 2. 
Therefore W u (p, A) is transverse to W s (q, A), which is close to W s (a n ,0). The intersection 
has dimension 1 and gives the solution from p to q. 

If q G Crit A ^(J r ), then a n is a fast orbit from p n -\ 6 Cj \ C^ nfl to g G Cf \ C s ™ 9 ] 
index {x Pn _^ f^^) = k - 1 and index (x g , /^) = k - 2. By (All), W™(p n _i,0) meets 
W s (g, 0) transversally inMx {r] q } along <r n . Therefore W"(cr n ,0) meets W s (q, 0) transver- 
sally in M x 1 along cr n . Since W(p, A) is close to W u (a n ,0), W u (p, A) meets W s (g, A) 
transversally inMxM near a n . The intersection has dimension one and gives the solution 
from p to q. 

Step 9. Suppose p = (x p ,r] p ) G Crit^J 7 ). Then index (x p , f Vp ) = k — 1, and <j\ is a slow 
solution from p to pi = (x Pl , 77 Pl ). Either (i) pi G Cj-\C^™ 9 , or (ii) pi G C^™ 9 . In either case, 
index (x Pl , ) = k -1. 

In case (i), A) is close to W u (cri,0). Step 3 above describes how to continue from 

P\. Case (ii) is left to the reader. 

Now we show that the gluing map just constructed is a bijection. We first note that there 
exist small 5 > and Ao > such that for all A G (0, Ao), the orbit we constructed is the 
unique one in M x (p, q) such that its Hausdorff distance from the fast-slow orbit \S£\ is less 
than 5. This is a general fact about exchange lemma constructions; see for example [10], p. 
1021. 

Thus the gluing map is a bijection provided it is surjective. We claim that there exists 
A > such that the gluing map is surjective for all A G (0, Ao). If not, then there exist 
a sequence Aj — > and a sequence of orbits [xi] G Ai Xi (p, q) such that for each i, [xi] is 
not in the image of $ A \ Then, by the compactness theorem (Theorem 5.9), without loss of 
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generality, [xi\ converges to a fast-slow orbit \3/\ in the sense of Definition 5.8. In particular, 
this sequence converges in the Hausdorff topology. Then for large i, $ A '([2^]), which is the 
unique orbit in Ai Xi (p, q) in a small Hausdorff neighborhood of must be \xj\. This 
contradiction proves the claim. □ 



6. Basic Morse theory and the chain complex C° 

Let us recall the following basic properties of any Morse function fi : M — > R, where M is 
a compact manifold. 

(1) If [ci,c 2 ] contains no critical value of fi, then oo, ci]) is diffeomorphic to 
/i -1 ((-oo, c 2 ]); 

(2) If (i) c G (ci,c 2 ) is the only critical value of \i contained in [ci,c 2 ], (ii) there is a 
unique critical point x of fi such that = c, and (iii) x has Morse index k, then 
the sublevel set oo, c 2 ]) is obtained from the sublevel set fi~ l ((— oo, ci]) by 
attaching a fc-handle. 

Thus a change in the level set of fi corresponds to a change in the sublevel set of fi. The 
chain complex C° defined by counting fast-slow orbits gives an indirect way to obtain, at the 
homology level, this change of topology. In this section we will give a brief indication of how 
this works. 

We replace fi by /i c = fi — c for any regular value c of fi, and denote the corresponding 
Lagrange multiplier by T c : M x R — > R. Then Crit(J-" c ) is just the critical point set of the 
restriction of / to the hypersurface /i _1 (c). On the other hand, the slow manifold Cj c = Cj 
is unchanged, and Crit(J r c ) = Cj c fl (p (c) x R). The fast flow is unchanged when we 
vary c, and the changes in generators and the slow flow can be seen transparently from the 
intersection of Cj and fi~ x (c) x R. 

We have to consider various "wall-crossing" phenomena of the chain complex C°(f, \i — c) 
when we vary c, not only at the critical values of /i, but also at each c where an assumption 
we made to define the chain complex fails. We assume that for each c G R, if c is a critical 
value of fi, then fi~ l (c) contains only one critical point; if c is a regular value, then at most 
one of our assumptions is violated; and the violations happen at discrete values of c. This 
assumption is satisfied for generic (f,fi,g). 

6.1. When c does not cross a critical value. When [ci,c 2 ] contains no critical value of 
fi, /x _1 (ci) and /i _1 (c 2 ) are diffeomorphic. We look at the chain complexes C°(f,fi — c\) and 
C°(f, fi — c 2 ) in several cases. 

1. Suppose that as c moves from c\ to c 2 , a degenerate critical point of fi\c T appears (in 
violation of Proposition 4.4) and then splits into nondegenerate critical points. Generically 
two nondegenerate critical points are produced as shown in Figure 3. Thus two new genera- 
tors of C°(f,fi — c 2 ) are produced. We denote them by p G Crit^ and q G Crit^ +1 . Between 
them there is a slow trajectory 7. It is easy to check that the two chain complexes are 
quasi-isomorphic. 
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.H=c, 



Figure 3. The dashed lines represent the hypersurfaces p = c\ and p = C2, 
one of which has two more intersection points with Cj than the other. This 
change introduces two new generators in the chain complex, but they do not 
affect its homology. 

2. Suppose that as c moves from c\ to C2, a critical point of T c passes through the start or 
end of a handle-slide (in violation of (A5)). See Figure 4. It is easy to see that C°(f, p — c\) 
and C°(f, p — C2) are actually isomorphic. 




Figure 4. The dashed lines represent the hypersurfaces p = c\ and p = c^- 
a is a handle-slide. This change replace a generator p G Crit^ by another 
q G Crit^ and actually gives isomorphic chain complexes. 

3. Suppose that as c moves from c\ to c 2 , a critical point p G Oritur passes through a point 
w G C S j n9 (in violation of (A5)) and then becomes a critical point q G Crit^; see Figure 5. 
If there is a cusp trajectory o\ starting at w, it will contribute to the definition of d°(p) in 
the chain complex C°(f, n — C\). In C°(f, p, — C2), the corresponding contribution to d°(q) is 
given by a fast trajectory 02 starting from q. 

6.2. When c crosses a critical value. Suppose that one point c G (c\, c^) is a critical value 
p, with a single critical point x of index A; of p. Then topologically, /i _1 (ci) and p^ 1 ^) 
differ by attaching a fc-handle, and the homology changes accordingly. We can recover this 
fact by comparing the chain complexes C°(f,p — ci) and C°(f,p — C2). In the generic case, 
one complex has two more generators, one of index k + 1 and one of index n — k. Figure 6 
illustrates one case of this changing. 
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Figure 5. The dashed lines sides represent the hypersurfaces // = c\ and 
\i = c 2 respectively. <i\ is a cusp trajectory starting from w G C^ ng , and a 2 is 
a regular fast trajectory starting from q. The generator p G Crit^T is replaced 
by q G Cnt^ ; the chain complexes are isomorphic. 




\i=c l 



Figure 6. On the left: the left branch of Cjr has index n — k (of the fast flow) 
and n << 0, and the right branch of Cj has index k and n » 0. It has two 
more generators p and q with degrees n — k and k + 1 respectively than the 
right picture. 

Appendix A. Geometric singular perturbation theory 

Readers familiar with geometric singular perturbation theory may wish to skip most of this 
appendix; however, the paragraph before Theorem A. 2 and that theorem may be unfamiliar, 
and the extension of that theorem described toward the end of this section, while just an 
observation, is new and essential to this paper. 

Let Z be a manifold, let p = f{p,e) = f e (p) be a differential equation on Z with parameter 
e (i.e., each f t is a section of TZ), let (jf t be the flow, and let N be a compact submanifold 
of Z that is invariant under the the flow of p = fo(p). No is called normally hyperbolic if 
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there is a splitting of TZ\N , TZ\N = S © U © TN , such that under D$, all vectors in 
S shrink at a faster exponential rate than any vector in TN , and under D(fi_ t , all vectors 
in U shrink at a faster exponential rate than any vector in TN . (There are less restrictive 
definitions, but this one suffices for our purposes.) 

Normally hyperbolic invariant manifolds have stable and unstable manifolds with flow- 
preserved fibrations, and the whole structure persists under perturbation. This structure is 
most easily described in local coordinates. 

Let us assume that dimiVo = m, dimZ = n + m, and fibers of S (respectively U) have 
dimension k (respectively /), with k + 1 = n. Near a point of iVo one can choose coordinates 
p = $>{x,y,z,e), (x,y,z,e) e Qi x f2 2 x (— eo ? eo), &i open subset of R k x R l , £7 2 an open 
subset of IR m , such that, for small e, p — f(p, e) becomes 



the matrices A, B, and C are k x k, I x I, and k x / respectively. One cannot assume that 
A(0, 0, z, 0) has eigenvalues with negative real part or that B(0, 0, z, 0) has eigenvalues with 
positive real part, since the exponential convergence of vectors under the linearized flow need 
only occur as t — > ±oo. Nevertheless, this is true in the examples below. 
We list some facts and terminology. 

(1) If p — f(p, e) is C r+3 , the coordinate change can be chosen so that the new system is 



(2) For each e, the subspaces y = 0, x = 0, and their intersection are invariant. For fixed 
e, the set {(x,y,z) \ x = and y = 0} (dimension m) corresponds to part of a nor- 
mally hyperbolic invariant manifold N e ; the set y = (dimension m + k) corresponds 
to part of the stable manifold of N e , W s (N t ); and the set x = (dimension m + 1) 
corresponds to part of the unstable manifold of N e , W U (N € ). 

(3) If (x(t), 0, z(t)) is a solution in W s (N t ), then (0, 0, z(t)) is a solution in N e ; and if 
(0, y(t), z(t)) is a solution in W u (N e ), then (0, 0, z(t)) is again a solution in N e . Each 
solution in W^iV,,) (respectively W u (N e )) approaches exponentially a solution in N e 
as time increases (respectively decreases). 

(4) Given a point p = (0, 0, zq) in N e , the stable (respectively unstable) fiber of p is the 
set of all points (x,0,Zq) (dimension k) (respectively (0,y,z ) (dimension I)). For 
each t, the time-t map of the flow takes fibers to fibers; in this sense the fibration 
is flow-invariant. Solutions that start in the stable (respectively) unstable fiber of 
p approach the solution that starts at p exponentially at t increases (respectively 
decreases) . 

(5) Given an P e C N e , we shall refer to the union of the stable (respectively unstable) 
fibers of points in P e as W s (N e ) (respectively W U (N € )) restricted to P £ . If P e is 
invariant, W s (N e ) restricted to P e , for example, may be smaller than W s (P e ), since 
the latter may include solutions in N e that approach P e at a slower exponential rate, 
together with points in their stable fibers. 



x = A(x, y, z, e)x, 
V = B(x,y,z,e)y, 
z = h(z, e) + x T C(x, y, z, e)y; 



(A.I) 
(A.2) 
(A.3) 



r+l 
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Examples: 



(1) Suppose N is a compact manifold of equilibria of dimension m, and each equilibrium 
in Nq has k eigenvalues with negative real part and / eigenvalues with positive real 
part. Then N is a compact normally hyperbolic invariant manifold. The stable 
(respectively unstable) fiber of a point p in N is just its stable (respectively unstable) 
manifold. In (A.3), h(z,0) = 0. 

(2) Suppose N is a compact manifold with boundary of equilibria of dimension m, and 
each equilibrium in Nq has k eigenvalues with negative real part and / eigenvalues with 
positive real part. Nq does not fit the definition of a normally hyperbolic invariant 
manifold that we have given, but a coordinate system as above still exists, except 
that ^2 may have boundary and N e may be only locally invariant (i.e., solutions may 
leave through the boundary). 

(3) Suppose po is a critical point of p = fo(p) at which the linearization has k eigenvalues 
with negative real part, / eigenvalues with positive real part, and m eigenvalues with 
real part. On a neighborhood of Pq, one can choose coordinates as above such that 
the system takes the form (A.1)-(A.3); this is the Center Manifold Theorem. Here 
the N e are locally invariant open manifolds. 

(4) Fast-slow systems. Consider the system 



with w G M n , z G R m , and < e < 6q. System (A.4)-(A.5) is a fast-slow system; 
w is the fast variable and z is the slow variable. The fast limit is (A.4)-(A.5) with 
e = 0. If is a regular value of /, then {(w,z) : f(w,z,0) = 0} is a manifold of 
dimension m called the slow manifold. The slow manifold is the set of equilibria of 
the fast system. Let Nq be a compact subset of the slow manifold that is a manifold 
with boundary of dimension m. N is normally hyperbolic (in the sense of Example 
2) if there are numbers k and / with k + l = n such that at each point (w, z, 0) of Nq, 
D z f(w, z, 0) has k eigenvalues with negative real part and I eigenvalues with positive 
real part. By the Implicit Function Theorem, Nq can be described as w = x(z,0). 
Then for e > small there is a normally hyperbolic locally invariant manifold N e (as 
in Example 2) near Nq, given by w = x{ z i e )- 
The name "geometric singular perturbation theory" comes from the fact that after a 
rescaling of time, (A.4)-(A.5) can be rewritten as 



which is a singularly perturbed system. 

In Example 4, N € is given by an expansion w = Xo{ z ) + e Xi( z ) + • • •> an d the system 
restricted to N e , with coordinate z, is given by 



w = f{w,z,e), 



(A.4) 
(A.5) 



z = eg{w,z,e), 



ew = f(w,z,e), 
z = g(w,z,e), 



(A.6) 
(A.7) 



z = eg{xo{z) + exi(z) + ■ ■ ■ , z, e) = eg(xo{z), z, 0) + 0(e 2 ). 



(A.8) 
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Thus, after division by e, system (A.4)-(A.5) restricted to N e is given by z = g{xo{ z )i z i 0) + 
(9(e). The differential equation z = g(xo( z ), z , 0) is called the slow equation. The expansion 
of N e , and hence of (A.4)-(A.5) restricted to N e , can be computed to any order using the 
invariance of N e . Similar calculations can be done in Examples 2 and 3. In the latter case, 
typically the center manifold at po f° r e = is not known explicitly, so it too must be 
computed as an expansion in a coordinate system near pq. 

We shall abuse terminology and refer to the N e as normally hyperbolic invariant manifolds 
in all the above situations. 

Suppose we wish to follow an (/ + l)-dimensional manifold of solutions M e as it passes 
near a normally hyperbolic invariant manifold N e in a manifold Z, where Nq is a normally 
hyperbolic invariant manifold of equilibria. We choose coordinates so that the system is 
(A.1)-(A.3), with h(z,e) = eh(z,e). We assume that near the point (x*,0,z*), the M e , 
e > 0, fit together to form a C r+1 manifold with boundary in Z x R; and we assume that 
Mq meets W S (N ) transversally in the solution through (x*,0,z*), which approaches the 
equilibrium (0,0, z*) as f -> oo. The system restricted to N t has the form z = eh(z,e); we 
assume h(z*,0) ^ 0. Let ip t denote the flow of z = h(z,0), and let z^ = i[)t( z *) for some 
T > 0. Let / = {(ip t { z *) '■ T — 5<t<T + 5},& small interval around z^ in the orbit of 
z* for z = h(z,0). Let J = {0} x {0} x I. Let V be a small open set around (0,0, z^) in 
W u (Nq) restricted to J, which has dimension I + 1. Then we have: 

Theorem A.l (Exchange Lemma). For small e > 0, parts of M e fit together with V to form 
a C r manifold in Z x M.. 




Figure 7. The Exchange Lemma with k = I = m = 1: (a) e = 0, (b) e > 0. 

See Figure 7. Notice that for small e > 0, M e meets W s (N e ) transversally in a solution 
that tracks a solution in N t that starts at a point (0,0, z(e)), with z(e) near z*. For e > 0, 
the orbit of z = eh(z e ) through z e equals the orbit of z = h(z, e) through z(e). This orbit is 
close to the orbit of i = h(z, 0) through z*. Thus we find that portions of the orbits tracked 
in N e for e > limit on a curve J in No that is not an orbit of the system (A.1)-(A.3) on 
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Nq (these orbits are just points). Nevertheless the M e for e > become close to W U (N ) 
restricted to J. 

Now suppose we wish to track an (I + s + l)-dimensional manifold of solutions M e , with 
< s < m — 1, as it passes near a normally hyperbolic invariant manifold N e in a manifold 
Z, where N is a normally hyperbolic invariant manifold but does not consist of equilibria. 
(This occurs, for example, Step 3 of the proof of Theorem 5.14.) We again choose coordinates 
so that the system is (A.1)-(A.3). We choose a cross-section M e to the flow within M e , of 
dimension I + s (so that M e is the union of orbits that start in M e ), and we assume that 
Mo meets W S (N ) transversally at (x*,0,z*). For small e > 0, M e meets W s (N e ) in a 
manifold Q e of dimension s; we assume that Q e projects regularly along the stable fibration 
to a submanifold P e of N e of dimension s. We also assume that for small e > 0, the 
vector field (0, 0, h(x, e)) is not tangent to P e . (Of course these assumptions follow from the 
corresponding ones at e = 0.) Finally, we assume that for e > 0, following P t along the flow 
for time O(^) produces a submanifold P* of dimension s + 1 of N t , and the manifolds P* 
fit together with a submanifold Pq of Nq, of dimension s + 1, to form a C r+1 manifold in 
Zxl This assumption typically requires that some solution of the system restricted to 
Nq that starts in P approaches an equilibrium. We emphasize that, analogous to the usual 
Exchange Lemma, Pq is not the result of following P along the flow for e = 0. Let V be a 
small open neighborhood of Pq in W u (Nq) restricted to Pq, which has dimension I + s + 1. 

Theorem A. 2 (General Exchange Lemma). For small e > 0, parts of M e fit together with 
V to form a C r manifold in Z x KL 

Some technical hypotheses that are not relevant to the present paper have been omitted. 
We actually need a small generalization of Theorems A.l and A. 2, whose proofs are essentially 
the same. 

We will use C r -topology to measure submanifolds. If S C X is a smooth submanifold, 
we say another C r -submanifold S"(of the same dimension) is C r -close to S, if with some 
smooth identification of the normal bundle of S with a tubular neighborhood of S, S' can 
be identified with a C r -small section of the normal bundle. 

In Theorem A.l, replace the assumption that near the point (x*, 0, z*), the M e , e > 0, fit 
together to form a C r+1 manifold with boundary, with the assumption that M t — > M in the 
C r+1 -topology. The conclusion becomes that parts of M t converge to V in the C r -topology. 

In Theorem A. 2, make the replacement in the assumptions just mentioned, and replace 
the assumption that the P*, e > 0, fit together to form a C r+1 manifold with the assumption 
that P* — > Pq in the C r+1 -topology. The conclusion again becomes that parts of M e converge 
to V in the C r -topology. 

These generalizations are required for the following reason. Consider the fast-slow system 



which is related to (4.17)-(4.18). See Figure 8. For e = 0, any compact portion Nq of the 



curve of equilibria Z\ = —Z% is normally hyperbolic (in fact attracting). It perturbs to the 



Z\ — —z 2 + z\, 



(A.9) 
(A.10) 



Z2 = -e, 
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normally hyperbolic manifold N e , on which system reduces to y — — e. For small e > 0, a 
solution in or close to N e arrives in the region 5 < Z\ < 25 (5 > 0) along a curve given by 
z 2 = p(zi, e), 5 < zi < 25; p = O(es). As e — > 0, this curve, which in examples with greater 
dimension may be P*, approaches z 2 = 0, which in examples may be P * , in the C s -topology 
for any s, but does not fit together with z 2 = to form a manifold with a high degree of 
differentiability in z\ z 2 e- space. 



'2 




(a) (b) 
Figure 8. Flow of (A.9)-(A.10): (a) e = 0, (b) e > 0. 



Appendix B. Choosing the center manifold 

Let us consider for concreteness a system in the form (A.1)-(A.3), with iVo two-dimensional, 
and the equation on N e given by (A.9)-(A.10): 

x = A(x,y, z 1 ,z 2 ,e)x, (B.l) 

V = B(x,y,z 1 ,z 2 ,e)y, (B.2) 

zi = -z 2 + z\ + x T Ci(x, y, zi, z 2 , e)y, (B.3) 

z 2 = -e + x T c 2 (x,y,zi,z 2 ,e)y, (B.4) 

(x, y) G M fe xM!. The system arises by center manifold reduction at the origin, so A(0, 0, Zi, z 2 , 0) 
has eigenvalues with negative real part ,and B(0, 0, zi, z 2 , 0) has eigenvalues with positive 
real part. We wish to follow a manifold M e of dimension / + 1 as it passes N e (i.e., Ziz 2 -space). 
Mq meets W s (Nq) transversally at a point {x* , O.zl, 0) with zl < 0; hence the intersection in- 
cludes the semiorbit 7 that starts at (x*, 0, zl, 0), which approaches the origin as t — > 00. We 
wish to replace the center manifold No for e = by one that contains 7. To do this, replace 
all semiorbits in Figure 8 that start at points (0,0, zl,z 2 ), \z 2 \ < {zl) 2 , with the semiorbits 

that start at (x*, 0, z*, z 2 )- (The semiorbits that start at (0, 0, z*, z 2 ) and at (x*, 0, zl, z 2 ) 

1 

both approach (0,0, —z 2 ,z 2 ) as t — > 00, and the second arrives tangent to ^i^-space.) The 
result will be a new center manifold, in a smaller neighborhood of the origin, that contains 
7. The differentiability class of this manifold will decrease as we move away from the origin. 
Now No perturbs to new center manifold N e for e > 0. 
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